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Summary. A general orthogonally spin-adapted formalism for coupled cluster
(CC) approaches, with an approximate account of triexcited configurations, and
for optimized inner projection (OIP) technique is described. Modifying the linear
part of the CC equations for pair clusters (CCD) we obtain the orthogonally
spin-adapted, non-iterative version of the CCDT-1 method of Bartlett et al. [J.
Chem. Phys. 80, 4371 (1984), 81, 5906 (1984), 82, 5761 (1985)]. Similar modifica-
tion of an approximate coupled pair theory corrected for connected quadruply
excited clusters (ACPQ) yields a new approach called ACPTQ. Both the CCDT-1
and ACPTQ methods can be formulated in terms of effective interaction matrix
elements between the orthogonally spin-adapted biexcited singlet configurations.
The same matrix elements also appear in the orthogonally spin-adapted form of
the CCD + T(CCD) perturbative estimate of triply excited contributions due to
Raghavachari [J. Chem. Phys. 82, 4607 (1985)] and Urban et al. [J. Chem. Phys.
83, 4041 (1985)], and in the OIP method when applied to the Pariser—Parr—Pople
(PPP) model Hamiltonians. We use the diagrammatic approach based on the
graphical methods of spin algebras to derive the explicit form of these interaction
matrix elements. Finally, the relationship between different diagrammatic spin-
adaptation procedures and their relative advantages are discussed in detail.

Key words: Many-electron correlation problem — Spin-adaptation — Coupled
cluster approach — Optimized inner projection — Graphical methods of spin
algebras

1. Introduction

The need to account for higher than biexcited configurations in various ap-
proaches to the molecular many-electron correlation problem was recognized
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more than two decades ago. By that time, the problem of size extensivity was
-well understood [1] (although this term was introduced only much later [2], see
also [3]) since it was absolutely essential for a successful treatment of extended
systems, such as the jellium model [4] of solid state physics or the infinite nuclear
matter of nuclear physics (5], and the connected cluster structure of the exact
wave function was clearly formulated by Hubbard [6]. These facts were soon
exploited in the nuclear correlation problem by Coester and Kiimmel [7], who
first employed the exponential ansatz for the wave operator. A systematic,
general procedure yielding explicit equations for the connected cluster compo-
nents was, however, developed almost a decade later in the context of the
many-electron correlation problem by Cizek [8]. Various subsequent develop-
ments of the coupled cluster (CC) approach, that are amply documented in
numerous reviews [9-19] and monographs [20—23], resulted in one of the most
efficient and reliable methodologies for the description of correlation effects in
non-degenerate closed-shell ground states of molecular systems.

The first ab initio comparison of the coupled cluster (CC) and configuration
interaction (CI) wave functions at various levels of approximation [24] was carried
out for a simple minimum basis set model of the BH; molecule (which was chosen
because it was known to provide the largest triexcited contribution to the energy
from amongst the systems examined to that time). This study showed that, in
contrast to tetraexcited clusters that are normally well approximated by their
disconnected 3 T3 component, just the opposite holds for triexcited clusters, whose
major contribution comes from the connected T, component. Unfortunately, an
explicit inclusion of T, which was generally implemented only recently [25, 26],
is computationally very demanding, thus leaving room for various approximate
approaches. Among these, the most useful ones are a simple perturbative estimate,
referred to as CCSD + T(CCSD) [27] or CCD + ST(CCD) [28], and the so-called
CCSDT-1 approximation introduced by Lee et al. [29] and Urban et al. [27]. This
latter method was recently examined from a perturbation theoretical viewpoint
[30] and its relationship with the optimized inner projection (OIP) method [31—-34]
was also outlined. The application of the CCDT-1 and OIP techniques to the first
two members of the cyclic polyene series [30, 33, 34] showed certain promise and
indicated the desirability of finding out more precisely the limits of applicability
of these approaches by examining the larger cyclic polyene models over the entire
range of the coupling constant, thus complementing our earlier study [35, 36] of
the CC approach with doubles (CCD) and an approximate coupled pair theory
with quadruples (ACPQ) [37].

In order to facilitate these investigations we first undertook the derivation of
a standard orthogonally spin-adapted form of the three different approximate
CC models involving connected triexcitations, namely, a non-iterative version of
the CCDT-1 method, a perturbative CCD + T(CCD) model and the ACPQ
method corrected for T referred to as ACPTQ, along the lines followed earlier
for other CC approaches [38—40]. An orthogonally spin-adapted form is essen-
tial for a simple formulation of the ACPQ approximation [37] as well as for the
exploitation of CC wavefunctions in the polarization propagator calculations of
excitation energies and transition moments [41, 42], since it employs the pp-hh
coupled biexcited configurations [38-40, 43-45] providing a simple and direct
relationship with the CISD formalism [16,46]. Moreover, it yields sparser
matrices for the nonlinear CC coefficients [47] and enables one to cast the CC
formalism into the self-consistent electron pair form as shown by Chiles and
Dykstra [48]. The same formulation is also applied to the OIP formalism,
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providing a direct derivation of compact expressions (with eliminated excitation
operator matrix elements and corresponding summations when compared with
[34]). The methods thus derived are then systematically applied to cyclic polyene
model systems [49] and the results will be reported in two subsequent papers of
this series.

In order to make this paper self-contained, a brief review of general CC
methodology is provided in Sect. 2. The basic CC approximations of triexcited
clusters are then reviewed in Sect. 3, while the OIP technique, particularly as it
applies to the Pariser—Parr—Pople (PPP) model Hamiltonians [50], is described
in Sect. 4. The derivation of effective interaction matrix elements that are
relevant to either procedure is carried out in Sect. 5, and finally Sect. 6 discusses
and interrelates different spin-adaptation procedures.

2. Orthogonally spin-adapted coupled cluster formalism

We first introduce the notation employed and briefly discuss the orthogonally
spin-adapted coupled cluster approaches that will form a basis of further
developments studied in this series.

Consider a closed shell system described by a spin independent Hamiltonian
H, which we write in the normal product form H, [8, 51, 52],

H = Hy + (@, |H|®,>, o)
where
Hy=Fy+Vy, 2)
FN =Z <m|fln>N[Emn]s (3)
VN =% Z <mn 'vlpq>N[EmpEnq]' (4)
mnpgq
Here E,,, are the orbital unitary group generators [53],
By =Y X}y X oo (5)

where X1,(X,,,) designate the usual fermion creation (annihilation) operators
associated with a certain orthonormal spin-orbital basis [me ) = |m)|e), ¢ = +3.
The normal product N[---] is defined with respect to a conveniently chosen
independent particle model (IPM) reference state &, that is built from a certain
set of doubly occupied orbitals. Here and elsewhere in this series, the orbitals
occupied in @, (hole states) are labeled by a, b, ¢, dor k' (k =1,2,...), and the
unoccupied ones (particle states) by r, s, u, w or k” (k =1, 2, .. .). The indices m,
n, p, g run over all (both occupied and unoccupied) orbitals. The matrix elements
{m|f|n) of the one-electron operator F, Eq. (3), are defined in terms of the usual
one- and two-electron integrals as follows:

<mlflny = (miz|nd + Y (K mVpjnl”y — <m1[p|1n)). 6)
T
Note that in the restricted Hartree—Fock (RHF) independent particle model
{m|fln) = 51%6,,,, (7

where eRHF are the RHF orbital energies.
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In the closed-shell CC approach, the exact ground eigenstate ¥, of the
Hamiltonian H, Eq. (1), is represented in the cluster expansion form

lI’o=eT¢o, <¢o|q’0>=<¢ol¢o>= 1, (8)
with the cluster operator T given by the sum of its j-particle components T},
T= Z T;. 9
J

The operator T acting on @, creates all possible connected j-times excited cluster
components of the exact wave function ¥,

T,6,=Y 1009, (10)
K

the summation running over an appropriate set of spin-orbital (orbital, or
orbital and spin) labels, %’ designating the pertinent j-times excited configura-
tions and t% the corresponding cluster amplitudes.

Substituting the exponential ansatz, Eq. (8), into the time-independent
Schrodinger equation

HY,=EY,, (1
we obtain
(Hye™)c Py = AED,, (12)
where
AE = E — (D |H|®y ) (13)

represents the correlation energy when &, is the RHF reference and the subscript
C indicates the connected part of a given expression [8, 51, 52]. An explicit form
of the left-hand side of Eq. (12) in terms of f, v and ¢ matrix elements is
conveniently obtained by considering all connected and distinct resulting dia-
grams which can be constructed from one Hy (Fy or V) diagram and up to
four T; diagrams [8, 51, 52].

Formula (12) represents the fundamental equation of the CC approach;
projecting this equation onto the excited configurations %’ we obtain an energy
independent system of nonlinear algebraic equations for the unknown cluster
amplitudes %,

(DL |(HyeNc|P> =0 (j=1,2,...,N). (14)
A similar projection onto @, yields the CC energy
AE = (@o|(Hye ) |Po)- (15)

In practice, CC equations (14) must be simplified by truncating the expan-
sion (9) at a low-order excitation level j =j_,, < N. In contrast with the limited
CI approach, this can be done without losing the size extensivity of the resulting
approximate energy, since only connected diagrams appear in Eq. (14) [8, 52] (it
can be shown that the unlinked terms exactly cancel, cf. e.g. {54, 55)).

Since the pair clusters T, represent the most important contribution to 7, the
basic truncation scheme is

T=T,, (16)
resulting in the CCD [11] or CPMET (coupled-pair many-electron theory)
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[8, 52, 54] approach that normally accounts for a large part (>80%) of correla-
tion effects. Inclusion of monoexcited clusters T, (CCSD approach) can be easily
accomplished in either spin-orbital or nonorthogonally [56, 57] and orthogonally
[39, 40, 42] spin-adapted formulations. With an appropriate choice of @,
(Brueckner or maximum overlap orbitals), the monoexcited clusters vanish
exactly. Even with the HF reference, their contribution does not exceed a few
percent of the correlation energy (they contribute in higher orders of the MBPT
than the T, clusters [52, 55]). Their inclusion becomes essential when non-HF
orbitals are employed (e.g., when localized orbitals are used [58]).

Numerous applications of the CC approach indicate that the CCD or CCSD
methods provide an accurate approximation of the correlation energy, assuming
that the ground state considered is not quasidegenerate (for a review see, e.g.
[13, 14]). The remaining small percentage of the correlation energy is mostly due
to the triexcited T clusters [24]. The full account of the T; clusters (CCSDT) is,
however, very demanding because of the large number of cluster amplitudes
involved, even at the orthogonally spin-adapted level [39]. Indeed, while the ab
initio implementation of CCD was carried out in 1978 [2, 59, 60], the general
purpose computer codes for the full CCSDT were not available until recently
[25, 26]. Fortunately, in nondegenerate situations, T clusters can be efficiently
accounted for in an approximate way (cf., the next section). Numerical calcula-
tions show that full CCSDT results are in excellent agreement with full CI results
(even when nonequilibrium geometries are involved [25]), being very close to the
results of CISDTQ (configuration interaction with all singles, doubles, triples
and quadruples) [26]. This is connected with the fact that the CCSDT method
includes all possible single, double and triple excitations in the CI expansion, as
well as the most important quadruple excitations, i.e. the disconnected term 373,
which is accounted for through the exponential ansatz (8) already at the CCD
level (the CCSDT model adds all the other disconnected tetraexcited terms:
T,T;, T2 T,, and 55 T%, but they are usually less important). The only quadruply
excited cluster contribution, which does not appear in the CCSDT model, is the
connected T, component. While 3773 already appears in the second-order MBPT
wave function (and the fourth order MBPT energy), the lowest orders in which
T, contributes to the wave function and energy are rather high (third and fifth,
respectively) [52, 55]. Thus, normally, T, is negligible (see, e.g. [13, 14, 52] and
references therein). This is often symbolically expressed as

T, <3T3. 17)

However, once the quasidegeneracy becomes appreciable, for example, in metal-
lic-like or extended systems [35, 36], assumption (17) is violated and the T,
contribution becomes essential [35, 61-64] so that CCD (CCSD) or even the
full CCSDT approach may suffer a singular behavior. To overcome this
difficulty, we have to account for the T, clusters in CC equations. Clearly, a
direct inclusion of T, in the standard CC formalism is computationally hardly
feasible in the foreseeable future (cf., however, the XCC or CCSDTQ-1 or
CCSDT + Q(CCSDT) formalisms [65]). We can, however, account for 7, clus-
ters in an approximate manner (approximate coupled-pair theory with quadru-
ples or ACPQ, for short) whenever the unrestricted HF (UHF) solution can
provide a reasonable approximation of 7T, clusters [35a, 36, 37). We shall return
to this approach later. The other possibility is to extend the CC formalism to a
general multireference case, but such a generalization is not straightforward and
still far from being routine [66—78] (see also [13, 14]).
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It follows from the above discussion that CCD represents a basic approxi-
mate CC scheme, whose orthogonally spin-adapted formulation we now briefly
recall. Adopting a particle-particle-hole-hole (pp-hh) coupling scheme, which
leads to desirable symmetry properties of the resulting states [38, 39, 43—45] (see
also, e.g., [42, 48, 75]), we define the required singlet spin-adapted biexcited
configurations as follows [40]:

sa,
N

where {j,m;, j2m2| Jjm)> are SU(2) Clebsch—Gordan coefficients and [S;] =

' s> = NGIS172 T X o dou S0 ¢o do, 1503

a b a0 G

r9s

2S; + 1. The biexcited spin-orbital configurations ;Z’ 5 ) e defined in the
usual way, ‘ ’
re, 50
i D).
as, bO'b> Xro',XaaaXsastab l 0> (19)
The factor N7,
NG =[(1+6,)+ 6,712 (20)

assures normalization in the case where the hole and/or particle labels are the
same [44]. The intermediate spin quantum number, S;, assumes only two values:
S; =0 (intermediate singlet case) and S, =1 (intermediate triplet case). The

orthogonally spin-adapted doubly excited configurations lr Z> Eq. (18), are

practically identical with configurations of {38, 39] and [43-45]; they only differ
by the phase factor (—1)%*!. Therefore, they have the same symmetry proper-
ties with respect to interchanges of particle and/or hole orbital labels [38, 44],

r s Aros\ o gls o\ s or
R VR BV AR

a b/g
Since we consider the case of a spin-independent Hamiltonian and the
reference state &P, is a closed-shell determinant, orthogonally spin-adapted bi-
excited singlet configurations, Eq. (18), can be used to write expansion of type
(10) for the doubly excited connected component T,®, of the exact wave
function ¥,

T,|00) = Z Z rs|tylab)s, ’ Z> (22a)
r<s Si S
=43 T (W5 "Xrslnlabys)” 2> . ()
abrs S; S;

As in the case of spin-adapted doubly excited states, the normalized spin-adapted
cluster amplltudes (rs|ty|ab) s, occurring in Egs. (22), and the analogous ones
defined in [38] and [39], differ only by the phase factor (—1)5 1. Consequently,
coefficients (rs|t,|ab) s, have the same symmetry properties as the corresponding
pp-hh coupled states, namely,

(rsftlabys, = (— D)5 lrs|ty|bads, = (= 1)Sidsrlt,|ab)s, = (srit|bads,. (23)
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Equation (23) guarantees that the number of independent cluster coefficients in
expansion (22b) is the same as the number of biexcited singlet configurations. As
in our previous papers [38-40, 45), it is also convenient to introduce unnormal-
ized matrix elements

Crslralabys, = (Vi) ~'Krs|tr|abds, (24)

which will play the role of scalar factors associated with orbital diagrams
representing 75’s, whereas all the spin-coupling coefficients will be represented by
appropriate spin diagrams [38], as we shall briefly describe later. In this way, all
summations over the orbital labels in the final orthogonally spin-adapted CCD
equations will be unrestricted and, simultaneously, the normalization factors, Eq.
(20), will not appear (cf., Eq. (22b)).

In order to determine the unknown cluster amplitudes (rs|t,|ab) s, or
(rsltzlab)s, we have to write energy independent equations of type (14). They
result by prolectmg Eq. (12) with T given by Eqgs. (16) and (22) onto one-dimen-
sional subspaces defined by orthogonally spin-adapted doubly excited configura-
tions, Eq. (18). In this way, we get the system of equations,

<’ “NHye™)c|o > 0, (25)
s; \4

which, together with the expansion (22b), represents the set of basic relations for
the orthogonally spin-adapted formulation of the CCD method.
Expanding the left-hand side of Eq. (25), we find [38]

2
Y. A®(rs, ab; S;) =0, (26)
k=0
where

1
A®(rs, ab; 5) =5 (N3) ™! <; \

(HyT%)c

¢0>, k=0,1,2. (27)

Explicit expressions in terms of f-, v- and spin-adapted ¢,-matrix elements for the
absolute, linear and bilinear components A®, k =0, 1 and 2, respectively, are
most conveniently derived by applying the diagrammatic approach based on
graphical methods of spin algebras. According to this scheme, which was
elaborated in [38] (see also [39, 40, 45]), we first construct the pertinent Gold-
stone—Hugenholtz orbital diagrams in the Brandow representation (so-called
Goldstone—Brandow diagrams) using the Goldstone form for F,, and V, vertices
(the latter are referred to as bare two-electron interaction vertices) and the
Brandow form for the T; vertices (75, when the CCD equations are considered).
The Hugenholtz vertices have to be represented in Brandow form in order to
determine the orbital phase factors [8b, 38, 52, 79] as well as to construct the
corresponding spin diagrams, which are then evaluated by exploiting elegant and
powerful graphical methods of spin algebras [80, 81] (see also [22, 23, 44]). The
desired final expressions are obtained by combining the resulting spin coupling
coefficients with the orbital factors associated with orbital diagrams (cf., also
[82]). The basic diagrams that are needed to derive the orthogonally spin-
adapted CCD equations in an explicit form are presented in Fig. 1. Figure la,b
shows the orbital Goldstone-type diagrams corresponding to one- and two-body
operators Fy, Eq. (3), and V,, Eq. (4), respectively, whereas Brandow-type
orbital diagrams together with the 3-jm-type spin diagrams that represent
biexcited connected cluster component T, in an orthogonally spin-adapted form,
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Fig. 1a—f. Basic diagrams used throughout the present paper, in particular to derive the orthogonally
“spin-adapted CCD equations: a and b are Goldstone-type diagrams corresponding, respectively, to
arbitrary spin independent one-and two-body operators in the normal product form (in particular
Fy, Eq. (3), and V¥, Eq. (4)); ¢ is a Brandow-type orbital diagram representing either biexcited
connected cluster component T, or unnormalized orthogonally spin-adapted doubly excited ket state

r.s . . . . . . .
(N1 B b> , while e is a Brandow-type orbital diagram representing unnormalized biexcited bra
Si
r s

state (N73) ! 5 ; 4, f are the 3-jm-type spin diagrams associated with orbital diagrams c, e,
Si

respectively. Pairs of diagrams ¢, d and e, f may also serve as a graphical representation of the

r s r s
d
a b>s,. an s..<a b

provided that the normalization factor N73, is incorporated into the spin diagrams d, f; see text for
details

normalized doubly excited singlet spin-adapted configurations , respectively,

Eq. (22b), are given in Fig. lc,d. Diagrams in Fig. lc,d can also serve as a
graphical representation for the normalized orthogonally spin-adapted doubly
excited configurations, Eq. (18), provided that thé orbital and the intermediate
spin labels are fixed and the normalization factors N7, Eq. (20), are incorpo-

rated into the spin graph (Fig. 1d) [44]; otherwise they represent unnormalized

r s

biexcited ket states (N f,sb)“‘ b [40]. For the projection onto the corre-
a

i
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sponding unnormalized bra states (N7, ! <; ZI (see Eq. (27)), we also need
S;

the spin graph (Fig. 1f) which is dual to that of Fig. 1d (cf., [38, 39, 44, 45]).
Again, the normalization factor N7 must be incorporated into the spin diagram
(Fig. 1f) when the projection onto normalized biexcited bra states is considered
[44], for example, in Eq. (25). For the sake of completeness, we also give in Fig.
le the orbital Brandow diagram representing (normalized or unnormalized)
doubly excited singlet spin-adapted bra state. Obviously, the diagrams in Fig.
le,c are mutually conjugate and carry fixed orbital and intermediate spin labels.
It should be noticed that the hole lines in spin graphs (Fig. 1d,f) are inter-
changed in comparison with the analogous diagrams given in [38] and [45]. This
is a consequence of the phase convention used in the present series (see the text
following Egs. (20) and (22); see also [40]).

The resulting explicit expressions for the quantities A® (k =0, 1, 2), Eq.
(27), can be written as follows [38—-40]:

AO(rs, ab; S;) = [S;]'*rs|ab)s, (28)

AD(rs, ab; ;) = ,(S;) Z $rlfIFIFs, abls,— % (S:) Z <alfla>lrs, abls,
+3 <rs|F8I7S, abls, + Y, <ab|lab)lrs, abs,
7§ ab

—%(S)Z(S) L ; (Os,5,<dr |aFy —3S,, §;1'7<ar [Fa))Fs, abls,, (29)

and
AP(rs, ab; S;) = AR (rs, ab; S;) + AP(rs, ab; S;)

+AP(rs, ab; S;) + AP(rs, ab; S;), 30)
where

A%("S, ab; S; =4L[Si]1/2'5’;s(si) Z [S;zls S?]m

5182

x ; {Kab||7sy — F(S; + 8 + §1)<ab 57>} [rF, adls: [s5, bblsz, (3la)
AP(rs, ab; S;) = —35.(S)) §[S~,-]”2 ; (ab\|F5>IrF, abls[s5, abls,, (31b)
APArs, ab; ;) = —31%(S)) § (51" ; <ab||73rs, adls[73, bb]s,, (31¢)
AP(rs, ab; S;) =4S,]7* Y | <ab |75 )I73, abls[rs, bls,. (31d)

abrs

The algebraic coefficient F appearing in Eq. (31a),

F(S,+ 8!+ 82) =4C(S,, 5}, 52) =4 (32)

[N N ]

W= _E/J_l (S
L i o=
~ ey
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assumes the following values [37]:
—FO)=F()=1, F()=3 F(3)=3 (33)

The symbol C, Eq. (32), is a 9-j symbol introduced in [39]. The operator %,,,(S;)
is a two-index symmetrizer (S; = 0) or antisymmetrizer (S; = 1), i.e.,

Fron(S) =1+ (— l)si(mn), (34)

where (mn) designates a transposition of indices m and n. The multiple symboi
[Xy, X3, ..., X;] is defined as

i X, . 2 = 1T 1) (35

For simplicity we dropped the interaction operator v in all two-electron integrals,
ie.

{mn|pg) = {mn|v|pg>. (36)

Consequently [cf. Eq. (28)], the (anti)symmetrized v-matrix elements become

{mnlo|pg s = % (S)mnlv|pg)> = %,(S){mn|v|pg)
= {mnlpo|pg) + (—1)5(mn|v|qgp)> = {mn| pg)s. (37

In order to write rather complex expressions for A® (k =0, 1, 2) in a condensed
form, we also introduced the shorthand notation for the unnormalized cluster
amplitudes, Eq. (24), namely [35a),

[rs, abls, = (rs|ty|ab)s,. (38)

The resulting Goldstone~Brandow orbital diagrams, which represent succes-
sive terms appearing on the right-hand sides of Eqs. (28), (29) and (31), are
shown in Figs. 24, respectively. As usual [8, 38—40, 52], vertices representing a

ros . .
bra state (N75)~! 2 b onto which we project, are not drawn. Instead,
S;

external lines carry the fixed orbital labels characterizing the configuration

ros . .o
< Bl We do not present the associated spin diagrams, because they are very
5; \a

simple and can be easily obtained from the orbital diagrams by interconnecting
corresponding lines of spin graphs representing cluster components, Fig. 1d, and
projections onto the biexcited states, Fig. 1f (for more detail reader is referred to
[38]; [39] and [45] are also recommended). Summation over the intermediate spin
quantum numbers S, labeling Brandow T, vertices, is always understood to be

!

o
7]

(/]

>‘ Fig. 2. Goldstone—Brandow orbital diagrams [#, = 1 + (rs)] represent-
b ing A9, Eq. (28)
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r o 2 * >
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S s S; S . ¢ Si
S
b b
(a) (b)
a r
r Y = 2 4 =
T s, S
s o <3 b A

\
L
(2]

)

Srssab

an

~—---
w»

()

Fig. 3a—f. Goldstone—Brandow orbital diagrams corresponding to successive terms on the right-
hand side of Eq. (29)

carried out. In some cases, however, spin diagrams restrict the summation over
S’s to only one term labeled by the value S; = S, characterizing the biexcited bra
state onto which we project. In the orbital diagrams corresponding to these cases
we replaced the free label S; by the fixed label S,. The operators %, and %,
acting on orbital diagrams in Figs. 2—4 denote two-index symmetrizers

Foin = Fn(0) =1+ (mn);  (mn) = (ab) or (rs). (39)

Thus, for example, Fig. 4c represents two diagrams: one, which is given in Fig.
4c¢ and corresponds to canonical labeling of external lines [38] and another one,
which results by interchanging indices » and s in Fig. 4c and corresponds to
non-canonical labeling of the open paths. This concise notation was introduced
in our recent paper [40], where we also pointed out a one-to-one correspondence
between the symmetrizers %,(%,) in orbital diagrams and the
(anti)symmetrizers %,(S;) (¥,(S;)) in algebraic expressions. Consequently, the
number of (anti)symmetrizers is reduced to a minimum, since they are only

present when the open paths in the orbital diagrams can be labeled in several
distinct ways [40].
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]

Fig. 4a—e. Goldstone~Brandow orbital diagrams associated with the individual contributions 4%
(i=1,...,5) to the nonlinear part of the CCD equations 4, Eq. (30). 493, Eq. (31a), is sum of
the contributions 4¢” and A$? corresponding to diagrams a and b, respectively. The remaining three
diagrams, c—e, correspond to contributions A% (i = 3-5) given by Egs. (31b)—(31d), respectively;
cf. text for details

Once Egs. (26) and (28)—(31) are solved for the unknown spin-adapted
cluster coefficients [rs, ab]s,, the energy AE is evaluated from the formula [38-40]

AE =< @|(HyTo)c|Bo> =3 Y, <abrs> /SS [S:)"7frs, abls,, (40)

abrs

which results by assuming approximation (16) in the general expression (15).
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The orbital diagram corresponding to Eq. (40) is not reproduced here, since it
can be found elsewhere [38, 39].

The nonlinear part of the CCD equations, 4@, is broken into the contribu-
tions corresponding to five diagrams given in Fig. 4. Contributions associated
with diagrams of Fig. 4a,b are collected in one term A3, Eq. (31a), since they
are exchange versions of one another. Neglecting the nonlinear part of the CCD
equations completely, i.e. setting .4® =0, we obtain the corresponding linear
approximation, L-CCD, which is equivalent to an infinite order perturbation
theory with intermediate doubly excited states (DMBPT(0)) [11, 52]. As long as
no quasidegeneracy is present, the L-CCD approach yields very good results. It
breaks down, however, and becomes singular when the lowest-lying canonical
biexcitation becomes degenerate with the reference configuration @, [46]. In
many cases, the nonlinear terms of the full CCD method are capable of
correcting this behavior [62—64, 83]. However, as already mentioned, when
condition (17) is violated (for example, when linear metallic-like systems are
considered) even the full CCD approach becomes singular [35]. Yet, when we
retain only nonlinear diagrams that are separable over the hole line(s), i.e. those
in Fig. 4d,e (so that we set

AD = AP =0 (41)

in Eq. (30)), the resulting approximate coupled-pair (ACP-D45 or ACP, for
short [47, 62]) or approximate CCD (ACCD [84]) approach provides correlation
energies that are not only very close to those obtained with the full CCD method
in all standard cases, both at the semiempirical [35, 36,62] and ab initio
[47, 62, 64, 84] levels, but also represents an excellent approximation in highly
degenerate situations [35, 36, 47, 62, 64] where the L-CCD [35, 36, 62, 64] or
even the full CCD [35] approach is plagued with singularities. This remarkable
behavior of the ACP approach can be partially explained by the mutual
cancellation of the contributions arising from the first three diagrams of Fig. 4,
indeed, careful numerical inspection indicates that the ACP-D123 approxima-
tion, in which nonlinear contributions 4 and A are neglected, yields correla-
tion energies that are very close to the L-CCD results [35a, 47, 62]. The fact that
the ACP approach provides good results even in highly degenerate cases, when
the basic assumption of the CCD method, Eq. (17), and the CCD method itself,
break down [35, 36], indicates that the approximation (41) simulates an incorpo-
ration of the higher-excited connected cluster components, such as 7,. The
evidence for this was given in [37]. By examining the general cluster structure of
the UHF solution, it was shown that correcting the CCD equations for the effect
of connected tetraexcited clusters by including the term

AD(rs, ab; S,) = (N75) ! <’ *\Hy Ty
S; a b

¢’o>, (42)

effectively eliminates the contribution from the first three nonlinear diagrams in
Fig. 4. The resulting approximate procedure, referred to as the ACPQ approach
[37], is identical with the ACP-D45 approximation, except for the numerical
factor of 9 associated with the fifth nonlinear diagram contribution (Fig. 4¢)
when projected onto the triplet coupled (S; = 1) state. Thus, the explicit ACPQ
equations take the form

AO(rs, ab; S;) + AD(rs, ab; S;) + A9(rs, ab; S;) =0, (43)
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where A©® and A® are given by Eqs. (28) and (29), respectively, and
A®(rs, ab; S;) = AQ(rs, ab; S;) + [S,12AP(rs, ab; S)), (44)

with AP and A9 given by Egs. (31c) and (31d), respectively. It should be
pointed out that the above simple relationship between the ACPQ and ACP-D45
approaches (a factor of 9 for the fifth nonlinear diagram in triplet coupled
equations ) can only be achieved when we employ the orthogonally spin-adapted
formulation of the CC theory, as briefly outlined in the present section.

We must emphasize that the ACPQ approach will provide good results only
when the UHF wave function reasonably approximates the T, clusters. This does
not imply, however, that this approach will yield essentially the same results as
the UHF based CCSD, since the latter approach will be plagued with a singular
behavior (noncontinuous first derivatives of the potential energy surface) when
the triplet (nonsinglet) instability [85] sets in, while the ACPQ approach is
completely free of this problem. Numerical calculations, both at the semiempiri-
cal and ab initio levels, for both orbital and configurational-type [35b] quasi-
degeneracies, show that the ACPQ approach yields amazingly good correlation
energies and invariably provides a slight improvement over the ACP results
[35a, 36, 64]. Therefore, in the present series of papers, the ACPQ approach is
employed as an approximate CC scheme accounting for the connected tetra-
excited cluster components. Computationally efficient methods for the approxi-
mate incorporation of the connected triply excited clusters in both ACPQ and
CCD approaches are explored in the next section.

3. Approximate account of the connected triply excited clusters in CCD
and ACPQ equations: CCDT-1, CCD + T(CCD) and ACPTQ schemes

Numerous MBPT and CC studies indicate that connected triply excited clusters
play an important role in various problems of physical and chemical interest,
particularly when high degree of accuracy is required (for some examples, see
(14, 18, 19, 25, 27, 29, 39, 83a] and references therein). In contrast with 7, clus-
ters, T, clusters can be appreciable in both quasidegenerate and non-
degenerate situations, and are normally much more important than their discon-
nected counterparts T; T, and ;T3 (the latter two terms are accounted for in the
full CCSD approach), as first pointed out in [24]. Since the full inclusion of T,
clusters is very demanding [25, 26], there is a need for development and imple-
mentation of approximate schemes.

We shall concentrate on an approximate account of T clusters in the CCD
and ACPQ approaches. Although an incorporation of the monoexcited clusters
is straightforward, we assume that T, =0, since in the following papers of this
series we shall deal with systems, for which the HF orbitals are completely
determined by the symmetry and thus represent simultaneously Brueckner
orbitals. We shall employ the orthogonally spin-adapted formulation of the CC
theory outlined in the preceding section.

Consider the CCDT approximation, i.e.

TeT,+T,. (45)

In order to write the corresponding CCDT equations that determine T, and T,
cluster components, we have to project Eq. (12), with T given by Eq. (45), onto
the space spanned by doubly and triply excited configurations. Projection onto
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doubles gives
r s r s
¢, )= @, ) =0.
S <(l b 0> Si <a b 0>
(46)

However, the number of similar equations projected onto triexcited configura-
tions rapidly increases with electron number and the size of the basis. Even when
we simplify these equations by neglecting higher-order terms, as was done in the
extended CPMET (ECPMET) approach [24, 39], the problem is still untractable
for larger bases. A possible remedy is to reduce the number of equations to be
solved. We thus consider only Eq. (46) and estimate the correction due to
triexcitations,

(Hye™* B)c [Hy(1+ T, +3T3+ To)lc

a b

through some approximation for T 3|¢0). Let us consider this possibility in
greater detail. We shall employ RHF orbitals, so that

AO(rs, ab; §) = <; NV Ty)e ¢o>. (48)
S;

A(rs, ab; S;) = <’ N HyTs)c ¢o>, (47)
S;

b

Since we cannot estimate the 7, amplitudes from the UHF wave function, as
explained in [37], another method of approximating the component T;|®, > must
be found. We start by writing the MBPT expansion for T;|®, ), namely [52],

Loy = 3 T {(PoVi)|Bod)e,. (49)

n=2Cjy
The sum over C, indicates that we include all the connected resulting MBPT
diagrams with 2r external lines, P, is the reduced resolvent for the unperturbed
Hamiltonian operator K, = Fy,

Py =3 P§, (50)
: J
with 00
ng):x—go)_——K;’ (51)

and « is the eigenvalue of K, corresponding to its ground eigenstate ¢ = &,,,
so that ¥§¥ = 0. Finally, Q” is a projector onto the subspace spanned by the
Jj-times excited determinants.

Let us approximate the connected triexcited cluster component of the exact
wave function ¥, given by expansion (49), by considering only diagrams of the
type shown in Fig. 5, where a small solid circle represents the non-oriented
Hugenholtz V,, vertex and a large open circle the non-oriented Hugenholtz 75,
vertex. A vertical dashed line indicates the MBPT denominator. This approxima-
tion is correct up to second order in the wave function (fourth order in the
energy), since

Loy = 3 3 (PoVa)100))e,

n=1C,

= > +O(V?), (52)
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Fig. 5. Hugenholtz diagrams contributing to the triexcited
connected cluster component of the exact wave function,
T;3|®,>, considered in the approximate account of triple exci-
tations in the CCD and ACPQ methods. For the sake of
simplicity, we use nonoriented fermion lines, so that the above
arrowless diagram represents in fact two oriented diagrams

and, consequently,

+0(V?) =TP|®,> + O(V?),  (53)

where T is the second-order contribution to T;. Diagrams of the type shown
in Fig. 5 represent an infinite class of the MBPT diagrams contributing to
T;|®, ), although this class does not contain all the possible diagrams contribut-
ing to T3|®,). For example, diagrams of the type shown in Fig. 6 which
contribute to the third order, are not included.

Rewriting Eq. (48) in a diagrammatic form and replacing the T, vertex by
diagrams of the type shown in Fig. 5, we get

A®(rs, ab; S;) =

(54)

T 0 0 =

c’c,

where, according to our notation, C, indicates the set of vacuum resulting
diagrams (connected resulting diagrams that have no external lines [52]). To
obtain Eq. (54), we have introduced the orientation of lines into the arrowless
skeleton of Fig. 5 and replaced Hugenholtz V', vertices by Goldstone ones (see
Fig. 1b). We can easily verify that the subscript C in Eq. (54) is superfluous and
that the two diagrams enclosed in parentheses represent all the possible resulting
diagrams that we can form from one P, one ¥V, and one T, diagrams, i.e. from
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Fig. 6. Hugenholtz diagrams contributing to the con-
nected cluster component T;|®,) and not included in
the infinite class of MBPT wave function diagrams
represented by Fig. 5. Again, arrowless fermion lines
are used (cf., caption to Fig. 5), so that the above
diagram represents in fact three oriented Hugenholtz
diagrams contributing to the third-order MBPT wave
function

diagrams

, and R

respectively. Thus, Eq. (54) becomes

ACrs, ab; S;) =

[~ I B

§

VPOV b.>§ <r~5]t2]dl;>gi, (55)

[~Y] ~

_ Z r s
&sEFsS;iS,' a b

where we have used Eq. (22a) in the last step.

It follows that, in the RHF case, the correction accounting for the triples, Eq.
(47), can be approximated by the linear form in the ¢, cluster amplitudes, Eq.
(55). Assuming some fixed but arbitrary ordering of the orthogonally spin-

adapted biexcited states , and designating them and the corresponding

N
a b/
cluster amplitudes (rs|t2|ab >s, by @;and ¢, (i =1, ..., M), respectively, we can
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write this correction as

A9G) =Y, W, (56)
J
where
s Q(S)
WP = (&i|Vy =5 Vnl®). (7
N

With the same notation, the CCD and ACPQ equations, (26) and (43), take
the form

ai +Z bijtj + Z cijktjtk = O (l = 1, ceay M), (58)
j i<k
where the constant and linear terms
a; = <¢i|HNl¢O> = <¢iIVN|¢O>a (59
b= <‘pi|HN|‘pj > (60)

are identical with the corresponding CI matrix elements. The connected triple
excitations can thus be incorporated into the CCD and ACPQ approaches
through a slight modification of their linear part, namely

a;+Y bt + Y cptite =0 (i=1,..., M), (61)
J jsk
where
Eij = bij + W?,S-), (62)

with W given by Eq. (57). In a similar way we can account for the effect of
triples in the orthogonally spin-adapted CCSD [40] (or ACPQ with singles)
approach, provided that we neglect T; T term (contributing for the first time in
the fourth-order MBPT wave function, assuming the HF reference) in equations
projected onto doubles. In addition to the matrix elements between doubles, Eq.
(57), we also need analogous matrix elements between singles and doubles. We
note that the system of Eqs. (61) has the same structure as the corresponding
CCD or ACPQ systems, Eq. (58), so that it can be solved in the same way as
CCD equations [13, 14, 18, 47].

An equivalent procedure at the spin-orbital level was proposed by Lee et al.
[29] and is referred to as the CCSDT-1 [29] or CCSDT-la {27] method (for
CCSDT-n models, see [18, 25, 27, 86]). It is easily seen that CCSDT-1 accounts
for diagrams of the same type as shown in Fig. 5 and neglects disconnected T T,
clusters. When these latter terms are taken into account, a more complete model
referred to as CCSDT-1b [27, 87] results. However, for the vanishing monoexci-
tations (T, = 0) considered in the present series, both CCSDT-la and CCSDT-1b
models are identical and the resulting approximation can be simply termed
CCDT-1. Thus, the orthogonally spin-adapted CCD theory corrected for con-
nected triples, defined by Eqgs. (61) and (62), where c,; are given by Egs. (30)
and (31), will be designated as the CCDT-1 approach. Our formulation of the
CC(S)DT-1 method differs somewhat from that given by Lee et al. [29], since we
first incorporate triples by correcting the linear part of the CC(S)D equations.
Once this is done, the resulting system of nonlinear equations is solved itera-
tively. In the Bartlett group implementation [29], the CCSD equations are
corrected for the triples in every iteration. Provided that the iterative scheme
converges, the result of both implementations is the same. Clearly, in large scale
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ab initio computations, when we cannot store even the linear b; coefficients, the
iterative method of solving the CC(S)DT-1 equations is inevitable. However, the
noniterative formulation, as presented above, will prove useful in calculations for
small or model problems.

Numerical applications confirm the high accuracy of the CCSDT-1 model and
its ability to reproduce a large portion of the triple excitation contribution to both
the correlation energy and molecular properties in several chemically interesting
systems [25-27, 29, 8891} (for a comprehensive review and recent references, see
[19]; cf. also review articles [14, 18]). However, a neglect of higher-order contri-
butions to 75 may result in a poor performance of the CCSDT-1 approach. This
happens particularly for nonequilibrium geometries [91(b)] when T, effects
become very prominent.

Equations (61) and (62), with coefficients c;; given by Eqs. (44), (31c) and
(31d), represent the ACPQ equations corrected for the effect of connected triples.
We thus refer to the resulting approach as the ACPTQ (approximate coupled-pair
theory with connected triples and quadruples) approximation. We expect that this
method will yield rather accurate correlation energies even in quasidegenerate
situations (similar to the ACPQ model), although convergence problems con-
nected with the perturbative way of including the triples certainly will arise.

There is yet another simple approach, which is almost as good as the
CCSDT-1 method for many applications. It was suggested by Urban et al. [27]
and, independently, by Raghavachari {28] and, like the CCSDT-1 scheme,
requires the calculation of matrix elements Wff), Eq. (57). In the formulation
presented by Urban et al. this approach is referred to as the CCSD + T(CCSD)
model, while Raghavachari labeled his version CCD + ST(CCD). In the
CCSD + T(CCSD) scheme, converged CCSD t,-cluster coefficients &SP

(i=1,..., M) are used to evaluate the triple excitation contribution to the
correlation energy, AET, according to the formula
Z (tCCSD) * WE]:%) tjCCSD (63)

This contribution is then simply added to the result of the CCSD calculations. In
CCD + ST(CCD) method, the converged solution of the CCD equations (58) is
employed and contributions of both singles and triples, AES and 4E7, respec-
tively, are evaluated. The corresponding expressions are

S = Y (P WPLEP, (64)
Lj
where
[¢)]
WD = (@, |V 2 Q Vi), (65)
and
ET=Y (1F0)* W 1£eP, (66)

L
Since the amplitudes S are correct to the first order, both the
CCSD + T(CCSD) and CCD + ST(CCD) approaches provide the correlation
energy correct through the fourth order (one can easily verify this by replacing
t£°5P in Eq. (63) and 5P in Eqgs. (64) and (66) by the first-order wave function
expansion coefficients t“) the resulting expressions give standard formulas for the
contribution of singles and triples to the correlation energy in the fourth order).
In addition, just as the CCSDT-1 scheme, they include significant fifth and
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higher-order contributions. In many cases, the CCSD + T(CCSD) and
CCD + ST(CCD) methods yield very accurate results, as the correlation energy
calculations [27, 89, 90], calculations of the excitation [28, 89] and dissociation
{28, 92] energies, the reaction energy calculations [90], and the molecular struc-
ture studies [89, 91] indicate (see also [18, 19]). There are, however, situations
where CCSD + T(CCSD) and CCD + ST(CCD) are likely to fail. These are:
(i) the strongly correlated limit, where V, becomes the dominant part of the
Hamiltonian, and (ii) highly degenerate situations, when the CC(S)D approach
suffers a singular behavior and solution of the CC(S)D equations is no longer
available (cf. the previous section). Clearly, in the first case, perturbative inclusion
of triples (and singles) is no longer correct and additivity of the triexcited
contribution, which is assumed in both the CCSD+ T(CCSD) and
CCD + ST(CCD) models, breaks down [61]. Both cases will be studied in Part
II of this series.

The main reason for introducing the simple non-iterative CCSD + T(CCSD)
model [90] was to eliminate the iterative way of inclusion of triples in the original
formulation of the CCSDT-1 method [29]. As already mentioned, our formulation
of the CCSDT-1 model is noniterative, since in our case matrices of coefficients
a,, b; and cy can be kept in the fast core and thus we can use standard
Newton—Raphson method combined with the non-iterative Gauss elimination
algorithm to solve the linear systems. Consequently, there is no essential difference
in the computational effort that is required in the CCSD + T(CCSD) and
CCD + ST(CCD) approaches, and in our formulation of the CCSDT-1 scheme.
When T, =0 (the case considered here), the CCSD + T(CCSD) and CCD +
ST(CCD) methods become identical. In this case we shall refer to this approach
as the CCD + T(CCD) approximation. It is defined by Eq. (58), where the
coefficients c;; are given by Eqgs. (30) and (31), together with Egs. (40) and (66).

The three CC models presented in this section, namely CCDT-1, ACPTQ and
CCD + T(CCD), require calculation of the effective interaction matrix elements
W®, Eq. (57), between orthogonally spin-adapted biexcited singlet

i

configurations ; , Eq. (18). Before deriving the explicit form of these

s
b/s,
elements, we note that the same matrix elements are also required in the OIP
method, belonging to a completely different category of quantum mechanical
approaches. We consider this approach in the next section.

4. Optimized inner projection technique for PPP model Hamiltonians

It is well known that the determination of lower bounds is much more difficult
than the calculation of upper bounds using a standard variation principle. Even
today, the lower bound determination remains to be limited to simple or model
Hamiltonians and, at the ab initio level, to three-electron systems (see, e.g., [93]
and references therein). Nonetheless, the study of lower bounds represents one of
the basic and challenging problems that focusses the attention of many scientists.
The sixties and early seventies were particularly productive. Weinstein’s interme-
diate problem method [94], further developed by Aronszajn [95], was adapted to
quantum mechanics by Bazley [96] and Bazley and Fox [97], and later combined
by Lwdin with his concept of a bracketing function [98-100]. Subsequently,
Lowdin’s method of inner projection [99, 101] became a subject of numerous
studies and applications [102, 103] (see also review [100] and references therein).
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More recently, classical Lowdin’s formulation of the inner projection technique
was slightly modified and the optimized inner projection (OIP) scheme (referred
to also as the renormalized inner projection method) was introduced [31]. It was
applied with remarkable success to evaluation of lower energy bounds for simple
one-particle systems (anharmonic oscillator and hydrogen atom in magnetic
field) [31, 32] as well as for more complex PPP model of cyclic polyenes [33, 34].
In the latter case the results are much less convincing [34] and a further
investigation of the applicability of the OIP technique is needed. We shall first
present the main ideas of the OIP approach as formulated by Cizek and Vrscay
[31]. Then, we shall concentrate on the OIP method for the PPP model
Hamiltonians, particularly as applied to cyclic polyenes.

In order to apply the OIP technique, we first write the Hamiltonian # of our
system as a sum of an unperturbed Hamiltonian # @ and a perturbation 7. It
is assumed that the solutions of an unperturbed eigenvalue problem,

#(0)(][,5(0) = 55(0)45%0), g(()o) < évgo) < ggo) <o, (67)
are available, and 7" is a positive definite operator, i.e.,
¥ >0. (68)
As in perturbation theory, we consider the perturbed eigenvalue problem,
HYi = 6y, (69)

where &, » &L and ¥, —» ¢ as ¥ - 0. We do not pretend, however, to solve
it. Our objective is to evaluate lower bounds to the eigenenergies &, and this is
achieved by finding the eigenvalues & of an intermediate Hamiltonian

H =HO+v", (70)
where ¥’ satsifies the inequality
V<Y, (1)
which in turn implies that
& < & (72)

In the OIP method, ¥’ satisfying Eq. (71) is defined by partitioning the
solution space for #® and considering the (M + 1)-dimensional manifold .# ®
spanned by ¢ and M excited eigenstates of # ©,

'/”,(g()):(go’gls---agM)s (73)
where
&o= ¢80)9 &= ¢§c(3) (Z = ls RS ] M)' (74)
Then, the new manifold
'/”}0)=<f0,f1’---,fM>, (75)

spanned by the functions
fi=vVg, (i=0,1,..., M), (76)

where #71/2 denotes the positive square root of ¥~ (note that, in contrast to the
functions g;, the f; are not necessarily mutually orthogonal), is introduced and
"’ is simply defined as an inner projection of ¥~ onto the manifold .# (%,

A = 1/2Qf,1/' 1/2, (77)
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where Q, is the projection operator associated with the subspace .# . In this
way, condition (71) is automatically satisfied, since

0<Q <1 (78)

The OIP lower energy bounds are the eigenvalues of the Hamiltonian (70),
where ¥’ is given by Eq. (77). Therefore, they are found by solving the equation

&) =¢, (79

where f’(&£) is the bracketing function [98—-100] for the Hamiltonian #’. The
particular choice of the subspaces .#{” and .4 [see Egs. (73)—(76)] enables us
to write the following expression for /(&) [31]:

M
f@&)=¢9+ Z ‘V(),-(A((g’)_l)ij“//' s (80)
im0
where
1{}'=<gi|1/|gj>9 0<ij<M, (81)

and A(&) is the (M + 1) by (M + 1) parameter dependent matrix, whose entries
are given by

o VaVly
K16 =€

Tt must be noticed that the summation over k in Eq. (82) is not restricted to
functions g;, Eq. (74), which span the manifold .#{, but is infinite and runs
over all excited eigenstates of the Hamiltonian s . Therefore, not only matrix
elements 77;, Eq. (81), have to be evaluated, but, in principle, we need to know
all the matrix elements of ¥~ between the eigenfunctions of # @ which span .#
and all the eigenstates of #©, i.e.,

V=7 4=<&[V ), 0<i<M k=0,1,.... (83)

Fortunately, in well-behaved cases, including the PPP model of unsaturated
hydrocarbons considered below, the matrix elements ¥ vanish for |i — k]|
sufficiently large. Consequently, the summation over k in Eq. (82) becomes finite
and, as we shall see, can be relatively easily performed.

Once the bracketing function f'(£), Eq. (80), is known, several numerical
schemes can be employed to solve Eq. (79). A very simple iterative procedure,
with the individual iterates oscillating about one of the roots &, was suggested
in a paper by Cizek and Vrscay [31]. It is based on the iteration sequence
Exms1=1"(Ery) (m=0,1,...), where the initial guess &, is the upper bound
to &. The sequence &, (m=0,1,...) converges to the lower bound &,
provided that |df'(6)/d&|<1 for every & €(€; — Ay, &; + AE,), where
A8 =|6ro— &) In view of the properties of bracketing functions [98—100],
this implies that the initial guess &, 4 lies on the same branch of f'(£) as does &
and is sufficiently close to &;. CiZek and Vrscay [31] suggest the kth variational
energy &} calculated in a basis {g,, g, ..., &} as an optimal choice for &, .
This choice makes the whole method self-contained and transparent. It can
cause, however, serious difficulties in practical applications. Higher-order proce-
dures for finding the solutions of Eq. (79), e.g., Newton’s method or more
advanced root searching techniques, may serve as a possible remedy for these
difficulties (cf. Part III of this series).

AB)y =7y — 0<i,j<M. (82)
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Equations (79)—(83) represent the basic set of formulas characterizing the
OIP approach. In order to apply them, we have to know how to split a given
Hamiltonian into the uperturbed part and the positive definite perturbation. In
the case of simple one-particle systems, like anharmonic oscillator or hydrogen
atom in a magnetic field, this can be achieved with the help of simple renormal-
ization procedures [31, 32]. However, when real many-electron systems are
considered at the ab initio level, the positive definiteness of the perturbation is
affected by the presence of the effective one-clectron part in the Hamiltonian [cf.
Egs. (1)—(4)] and, consequently, a decomposition of the Hamiltonian into 5#©
and a positive definite ¥~ may not be possible.

At a semiempirical level, the situation is somewhat better. Consider, for
example, the PPP model of neutral planar conjugated hydrocarbons [50]. It
assumes that the z-electrons constitute a separable electronic group and move in
an unpolarizable field of nuclei, inner-shells and o-electrons. In the second
quantized form, the PPP Hamiltonian can be expressed as

Hn = Z Z,quuv + % Z yuv(Equvv - 5quuv)5 (84)
uy uy

where the orbital unitary group generators E,, are given by Eq. (5) and the
creation and annihilation operators are defined on a hypothetical minimum basis
of symmetrically orthonormalized [104, 105] 2p, carbon atomic spin-orbitals
luc> = |udle), ¢ = +3, localized on carbon nuclei. Like all semiempirical Hamil-
tonians, H, is defined directly by specifying the one- and two-electron matrix
elements,

z,, = {plz|v), (85)
and '

T = v [ v, (86)
respectively, rather than by selecting the spin-orbital basis set {|us )} as is done
for ab initio model Hamiltonians. The absence of other than one- and two-center
Coulomb-type two-electron integrals, Eq. (86), in the Hamiltonian H, is due to
the assumption of zero differential overlap [50]. The diagonal one-electron
matrix elements z,, are determined with the help of the Goepert—Mayer and
Sklar approximation [50]. Consequently,

Zyp =0y — Z Yuvs (87)

v(# 1)
where «, is a so-called Coulomb integral. For the off-diagonal matrix elements

2,4y, 1 # v, the tight-binding approximation is invoked, so that
B, if 4 and v are nearest neighbors,

2y = . (88)

0, otherwise,

where f,, is a so-called resonance integral. For the neutral conjugated hydrocar-
bons considered here, we can further assume that all the one-center integrals are
equivalent, namely that

au = a09 '}’W = ‘YOO (89)
Consequently, the PPP Hamiltonian H,, Eq. (84), is fully determined by the
integrals «,, B,, (4, v nearest neighbors), 74 and 7y, (u #v), considered as
empirical parameters. The problem of parametrization choice can be found
elsewhere [50] and will be addressed in Part II of this series.
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In order to split the PPP model Hamiltonian into the unperturbed part J#©
and the positive definite perturbation 7", and thus fulfil the basic requirement of
the OIP technique, we have to consider the total Hamiltonian, hereafter denoted
as o, including the internuclear repulsion term Y, _,y,, [50], rather than the
purely electronic Hamiltonian H, given by Eqs. (84) and (87)—(89). It can be
shown (see, e.g., [53]) that

H=H,+ 3 Vs (90)

H<v

can be decomposed as follows:

H=HO v, 91)
where
O, 45 By = N+ T B ©
and ' ’ )
2 =%§vyv(n” — 1)(n, —1). (93)

The prime on the second summation symbol in Eq. (92) indicates that it extends
over nearest neighbors only. Further, n, = E,, is the uth site occupation number
operator. The positive definiteness of the operator ¥", Eq. (93), results immedi-
ately from the fact that for any physically reasonable parametrization of the PPP
model, y,, > 0. Thus, the OIP method can be directly applied.

It is seen that the unperturbed part # @ is the Hiickel Hamiltonian.
Therefore, the ground eigenstate ¢{® of the Hamiltonian #© represents the
Hiickel solution for the system considered, i.e. the IPM single determinantal state
®,, which is built from doubly occupied energetically lowest Hiickel orbitals.
Excited eigenstates ¢ are then obtained by single, double, triple, etc. excita-
tions from the reference determinant ¢,. Since we consider a closed-shell case,
only singlet excited configurations need to be constructed, all other eigenstates
¢© that are not singlets may be ignored. Obviously, eigenvalues & of the
Hamiltonian # @ are the appropriate sums of the Hiickel orbital energies,
namely those associated with the orbitals occupied in ¢.

Following the OIP scheme, it remains to partition the solution space for the
unperturbed Hamiltonian #®, Eq. (92), into the manifold .#{, which is
spanned by ¢§ and some of the excited eigenstates of # @ [cf. Eqs. (73) and
(74)], and its orthogonal complement .#®~+. Clearly, this can be done in a
completely arbitrary manner. Since, however, we consider the application of the
OIP technique to the quantum chemical model Hamiltonian 5, Eq. (90), it is
best to choose the relevant manifold .# as a linear span of the Hiickel solution
&, and all possible singlet spin-adapted mono- and biexcited configurations
relative to @,. In this way, the summation over k in the definition of matrix
A(8), Eq. (82), will extend over at most quadruply excited configurations relative
to @,, because the perturbation ¥°, Eq. (93), includes at most two-electron
interactions.

In some cases, for example, when quasidegeneracy becomes appreciable or
stricter OIP lower energy bounds are required, it may be necessary to consider a
larger manifold .# that includes triply and quadruply excited configurations as
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well (cf. Sect. 2). However, such an extension is hardly feasible, even for
relatively small systems, in view of a large number of triple and quadruple
excitations, even at the orthogonally spin-adapted level. We thus only consider
the problem of evaluation of the OIP matrix elements A(£);, Eq. (82), for the
case when the manifold .# is spanned by ®, and all possible singlet spin-
adapted mono- and biexcitations.

We could now consider the general case of neutral conjugated hydrocarbons
by transforming the second quantized expression for the perturbation ¥°, Eq.
(93), from an atomic to Hiickel molecular orbital (HMO) basis and by exploiting
either the diagrammatic methods of the MBPT [8, 51, 52] combined with the
graphical methods of spin algebras [38, 44, 106, 107] or algebraic techniques [53,
108, 109] in order to calculate the pertinent matrix elements. Our intention,
however, is to use the OIP formalism to determine lower energy bounds for the
PPP model of cyclic polyenes with nondegenerate ground state, CyHy,
N=2n=4+2,v=1,2,...[49]; this will be reported in Part III of the present
series. To keep this presentation at a very transparent level, we focus our
attention on the evaluation of the OIP matrix A(£) for the case of cyclic
polyenes, where the high symmetry greatly simplifies the considerations. These
considerations, however, should give us an idea how the general case of neutral
conjugated hydrocarbons might be treated, if necessary.

The cyclic polyene model will be described in greater detail in Part II of the
present series. Let us now only mention that in this case the atomic orbitals |u>,
u=0,1,...,N—1, are localized on the vertices of the regular N-gon. Conse-
quently, general relations between one- and two-body parts of the electronic
Hamiltonian H,, Eq. (84), Z and V, respectively, and the Hiickel Hamiltonian
#'© and the perturbation ¥, Egs. (92) and (93), respectively, i.e.

HO=Z+ Y vuhy, (94)
HFEY .
vV =V+ Z yuv - Z ypvn;n (95)
p<v HFEY

can be simplified by the symmetry property,

Yo =Vutwv+u = Vou—vs (96)
where the indices are understood to be taken modulo N. We obtain

HO=Z+2 Y y,=Zy+{D|Z|®y> +2 g Voo (97)
p<v B<Y
V=V Z(:vy‘,w= Vi + Gy + {Do| VDo) — ;vyw, (98)
where ’ ’
Zy= ZV: z,NIE,], 99)
and ’
Gy = ; gnNI[E,] (100)

Here g,, = {ulg|v), where g =f — z, and the normal product operation NJ- - -]
is defined with respect to the Hiickel solution @,. In view of the high spatial
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symmetry of cyclic polyenes (Cy or Dy,), the Hiickel molecular orbitals are
completely determined by symmetry and they become simultaneously both the
HF and Brueckner orbitals labeled by an appropriate quasimomentum (see, e.g.,
[35a] and Part II). Consequently, the Hiickel solution @, is identical with the
RHF ground state and all the monoexcited configurations relative to ¢, may be
ignored, since they necessarily belong to a different symmetry species than @,
itself. Moreover, because of the relation (97), the one-clectron operator z is
diagonal in the molecular orbital basis {jm)}. Therefore, all three one-body
operators, f, z and g become diagonal in the basis {|m>} and Hiickel orbital
energies eAMO differ from eigenvalues (m]zlm) only by a constant factor [cf., Eq.
(97

A further consequence of the high spatial symmetry of cyclic polyenes is a
so-called zero quasimomentum rule, which has to be satisfied by molecular
integrals {mn||pg), and all doubly, triply, etc. excited configurations (see, e.g.,
[35a]). In addition, the PPP cyclic polyene model possesses the hole-particle and
so-called alternancy symmetries [35a, 50]. These symmetries enable drastic sim-
plifications of the formalism. We do not exploit them here, however, since in
this paper we wish to concentrate on those formal aspects of the OIP and CC
theories that appear at a very general orthogonally spin-adapted level. They
will be exploited in Parts II and III of this series.

As already mentioned, we can ignore all singly excited configurations. We
thus assume that the manifold .# is spanned by &, and all possible orthogo-

nally spin-adapted doubly excited configurations ; 2> , Eq. (18), which we
S;
designate by @, (i=1,..., M) as in Sect. 3. Then, Eq. (74) takes the form:
gi=¢i (l=0a 13'--3M)5 ) (101)

and the sum on the right-hand side of Eq. (82) can be decomposed into the
three parts corresponding to summations over doubly, triply and quadruply
excited configurations. Making use of the fact that [see Eq. (97)]

EY = Po|H O|®o> = Bo|Z|Bo> +2 3, v =HP —Zy, (102)

p<v

and introducing a new parameter ¢ defined as
e=& &P, (103)
we now write Eq. (82) as

Ay =7y —WPE + WP +WPE Gj=01,....,M), (104

where
V5 =L B;|V|®,;>, (105)
Q(k)
WP(e) = ((D,.|“// Tz “I/|<15j> (k=2,3,4). (106)
— &N

Clearly, evaluation of W{®(s) requires only the knowledge of the matrix

clements ¥7;, Eq. (105), which have to be calculated anyway as indicated by
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Eq. (104). Applying relation (98), one can find the following expressions,

Yoo = <¢0]Vl‘p0> - Z Vuvs (107)
p<v

%j = <(pi|VNl¢j> +6ij[<r|g’r> + (s|g|s> - <a|g'a> - <b‘g,b> + ¥ 00l
Gj=1,...,M), (109)

where r, s and q, b are, respectively, the particle and hole orbital labels character-

izing the orthogonally spin-adapted biexcited state &, = ; Z . Equations
S;
(107) and (108) immediately follow fro~rn Eq. (98). To get Eq. (109), we have to
evaluate matrix elements re Gy f s . The result is [43, 44]
s;\a b a b s,
r.s F 5 rs NJFS. ab’ ~ 5
Gyl, ) = abNiz'I;éS,-g,-[Aab(Si)‘y;s(Si)'%’E(Si)<rlg|r><S|S>
s; \4 b a b 3 (1]0)

— AT(S)%(S:)%5(S;)<dgla><b|b7],
where we have introduced the new quantity
A73(S) = Fn(S) (i <nlfi, (111)

which will be particularly useful in the next section. If we also employ the fact
that g is diagonal in the basis {|m)}, we get

ros F § " . o
. <a L1Gx | [,;>~ = N2 N5 05,5 AZ(S ARSI, <rlelrd — San <alelad]
: % (112)
which is the desired expression, since [43, 44]
o ) e r sifF §
5 A% . 7§ ) = 1 1
ab 5S,-S,- ab(St )A rs(St) s, <a bla 5>§i ( 3)

represents the overlap integral (&,|®;> =5, We thus see the both ¥}, and
W@ (¢) can be simply evaluated using the two-body part of the D-CI matrix.

Explicit expressions for
F§ and r s F 3§
a b/s s\a b Vg /s

(2

can be found elsewhere [43, 44]. A simple diagrammatic rederivation of these
expressions as well as of formula (110), that is based on the graphical methods
of spin algebras, and employs Goldstone form for ¥V, vertices, Fig. 1b, and
Hugenholtz (Brandow) vertices, representing orthogonally spin-adapted doubly
excited states, Fig. lc,e, is briefly outlined in the Appendix.

Let us now concentrate our attention on the third and fourth terms on the
~ right-hand side of Eq. (104), i.e. W{(e) and W()(¢). Obviously,

WP(e) = WP(e) =0 for i =0 or j =0. (114)

Since in matrix elements of ¥~ between doubly and triply and doubly and
quadruply excited states we can replace ¥~ by ¥V, (see Eq. (98) and note that for

Vi
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cyclic polyenes all matrix elements (r|gla) vanish), expressions for W{¥(e),
k=3,4,ij=1,..., M, become

0 3)

WP(E) = <(B|Vy = =7 Vwle, (115)

“)

WiPE) = (@, |V g > Val®). (116)

We could, of course, compute these quantities in the same way as the component
W®(¢), namely by generating first the matrix elements of the operator ¥V
between doubly and triply and doubly and quadruply excited configurations.
Although this could, in principle, easily be done using similar algorithms to those
of the CI matrix generation, it is more efficient to derive explicit expressions for
WP(e) and W{P(e) in terms of two-electron integrals {mn|pg>. In this way, we
obtam expressions of the same complexity as the second-order MBPT (see Sect.
5).

We conclude this section by explaining briefly how to find the OIP lower
bounds to the energy for cyclic polyene systems as described by the Hamiltonian
2, Eq. (90). To be consistent with Eq. (103), we slightly modify the original
definition of the bracketing function f'(£), Eq. (80), and consider the new
bracketing function f(g) defined as follows:

M
&) =1 &= .jzo Yoi(A€) ™)V, (117)
where A(g) is given by Eq. (104). In this way, the fundamental equation of the
OIP approach, i.e. Eq. (79), becomes

f(e) =e. (118)

By solving this equation, we get the OIP lower bounds to the eigenvalues of the
operator (# — &). Since we are interested in the determination of the lower
bounds to the ground state correlation energy and since & corresponds to the
eigenvalues of the total Hamiltonian 4, Eq. (90), we define

A6 =& — Egup — 3, Vs (119)
u<v
where
Erur = <¢0|Hn‘¢0> = (¢0‘Z|¢0> + <<D0|V|<1)0>, (120)

is the ground state RHF energy. From Egs. (119), (120), as well as (102), (103)
and (107), we immediately obtain

A& =¢ — V5. (121)

Thus, subtracting ¥4, Eq. (107), from the lowest root of Eq. (118), we obtain
the OIP lower bound to the correlation energy in the ground state of cyclic
polyenes as described by the PPP model Hamiltonians H, and 5.

To summarize, Egs. (104) —(109), (114)—(118), and (121) respresent the set
of working equations characterizing the OIP approach. The problems connected
with their practical implementation, particularly’ when higher cyclic polyenes
(with N > 14) are examined, are the subject of Part III of this series. Formally,
the main difficulty is to evaluate the effective interaction matrix elements W{(e)
and W{P(e), Eqs. (115) and (116), respectively, between the orthogonally spin-
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adapted biexcited singlet configurations l; Z> . In Sect. 3 we have shown that
S;
very similar matrix elements [W, Eq. (57)] are needed in the approximate
account of triple excitations in the CC theory. In the next two sections we thus
concentrate our attention on the derivation of general expressions for W),
WP(e) and W{P(e) using different diagrammatic procedures for spin-adaptation.
We are not only interested in.the final result, but we also wish to find out which
spin-adaptation procedure yields the most transparent and computationally

appealing formulas.

5. Diagrammatic evaluation of the effective interaction matrix elements

We now turn our attention to the derivation of general expressions for the
effective interaction matrix elements WS, W@(e) and W{P(e), given by Egs.
(57),(115) and (116), respectively, in terms of two-electron molecular integrals
{mn||pg>. Since the matrix elements W{P(e) and W{P(e) of the OIP formalism
and the matrix elements W, that occur in CCDT-1, ACPTQ and
CCD + T(CCD) equations, only differ in the denominators (in the latter case
they are given by the RHF orbital energy differences while in the former case
they are given by appropriate differences of Hiickel orbital energies), it is
convenient to define generalized effective interaction matrix elements as
K

Wxey = (T 2® F 3
WX(e) s,.<a , i 5)s (122)

Ne_Qx N
where k =3 or 4, X = RHF or HMO, QR®¥F = F, and Q"™° = Z or s#©, Eq.
(92) (recall that for the PPP model of cyclic polyenes z is diagonal in the HMO
basis and Hiickel orbital energies ¢;:© differ from {m|z|m) only by a constant).
Clearly

WORHF(Q) = ', (123)
WPHMO(g) = W), (124)
WPHMO(g) = W {(e). (125)

Equation (122) is very similar to standard perturbation theory expressions and
can be efficiently evaluated by applying time-independent diagrammatic tech-
niques of MBPT [8, 51, 52], together with graphical methods of spin algebras
[80, 81], to achieve spin-adaptation [38, 39, 44, 106, 107]. In this section we
follow the diagrammatic spin-adaptation procedure of [38], as outlined in Sect.
2. As in [44], we employ bare (Goldstone) two-electron interaction vertices (cf.
Appendix), while orthogonally spin-adapted biexcited configurations are repre-
sented by Hugenholtz vertices. In the procedure of [106] and [107], even
two-electron interaction vertices are represented in a Hugenholtz form (and are
referred to as spin-adapted interaction vertices [40]). We shall compare expres-
sions derived in this section with those obtained with the procedure of [106] and
[107] in the next section.

In order to apply the diagrammatic procedure of [38] to the right-hand side
of Eq. (122), we must first draw all possible nonequivalent nonoriented vacuum
Hugenholtz skeletons that can be formed from two nonoriented Hugenholtz V),
vertices and two similar vertices representing bra and ket doubly excited configu-
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rations (cf. Figs. 1 and 2 of [34]). In the tetraexcited (k =4) case, W{P*(¢), all
lines from both vertices representing biexcitations must go across the interval
separating the interaction vertices (cf. Fig. 1 of [34]), while in the triexcited
(k = 3) case, W*(¢), only three lines from each biexcitation (and each two-elec-
tron 1nteract10n) vertex will go across, one being incident to the nearest interac-
tion vertex (cf. Fig. 2 of [34]). This is a consequence of the presence of the
reduced resolvent-type operator Q®/(z — Q%) (k = 3,4) in Eq. (122) (see, e.g.,
[51, 52]). Once all the arrowless Hugenholtz diagrams are drawn, it is easy to
introduce orientation and labeling of lines in all nonequivalent ways (recall that
bra and ket vertices must also carry labels S; and S, respectively). All the
unlabeled resulting Hugenholtz diagrams corresponding to Eq. (122), both
nonoriented and oriented, can be found in Figs. 1-5 of [34], where a special-
purpose diagrammatic spin-adaptation procedure, that is not based on the
graphical methods of spin algebras, was employed. Note that these diagrams can
be brought into a one-to-one correspondence with the diagrams for the second-
order effective Hamiltonian matrix elements [110] or with the fourth-order
MBPT diagrams by regarding all four vertices as equivalent [34].

Following the procedure of [38], it thus remains to draw all nonequivalent
Goldstone—Hugenholtz diagrams by replacing Hugenholtz ¥V, vertices with
Goldstone ones, Fig. 1b, and by performing an “exchange” operation on each
bare interaction vertex, starting with any Goldstone—~Hugenholtz representative
(see, e. 8- [38, 51, 52]). These resulting Goldstone—Hugenholtz diagrams are
shown in Figs. 7-9. Diagrams in Fig. 7 correspond to W{P*(¢), whereas those in
Figs. 8 and 9 correspond to W$*(¢). Distinct Goldstone—Hugenholtz diagrams
that are associated with a given Hugenholtz diagram are grouped together. Since
we wish to compare our results with the expressions of [34], diagrams in Figs.
7-9 are ordered in the same way as diagrams in Figs. 3a—i, 4a—h and 5a—h of
[34]). Thus, Fig. 7x, x =a—i, and Figs. 8x and 9x, x =a~h, of this paper
correspond to Figs. 3x, 4x, 5x of [34], respectively. For example, Fig. 8c shows
two distinct Goldstone—Hugenholtz diagrams that are associated with Hugen-
holtz diagram 4c of [34]. In the case of Hugenholtz diagram 5b of [34], four
distinct Goldstone—Hugenholiz representatives, given in Fig. 9b, can be con-
structed, etc. The reason for splitting up the triexcited diagrams, W{P*(¢), into
the two sets (Figs. 8 and 9) is given in [34]. Recall that these two sets are
structurally related when the Hugenholtz representation is employed, namely,
they may be transformed one into the other by interchanging the role of one
biexcitation vertex with its nearest interaction vertex [34]. In other words, in the
Hugenholtz representation, they correspond to different time versions of one set
of diagrams [51, 52].

In Figs. 7-9, a Brandow representation is assumed, i.e., each Hugenholtz
vertex representing bra or ket orthogonally spin-adapted configuration is re-
placed by its Brandow version. However, Brandow vertices representing

r s

a b
Instead asint e dlagrams corresponding to the orthogonally spin-adapted CCD
equations, Figs. 2—4, all external lines are labeled by the fixed orbital indices

~

and 2 , Fig. le and c, respectively, are not drawn explicitly.

characterizing bra and ket states rs and i s , respectively, and
s; \@ b a 5 3

distinct labeling schemes carried by external lines are indicated by the symmetriz-

ers %, &, Sop and F;. In this way, Goldstone—~Brandow diagrams of Figs. 7-9
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are much more transparent than they would be if all the vertices were explicitly
drawn. Following the notation of Sect. 2, the remaining internal particle and
hole lines (between interaction vertices) are labeled by summation indices k£’ and
k”, respectively, k =1,2,....

To obtain an algebraic expression that is associated with each Goldstone—
Brandow orbital diagram of Figs. 7-9, we have to multiply the corresponding
orbital and spin factors and sum over all free orbital labels [38] (intermediate
spin quantum numbers are fixed labels in this case). However, the sign rule given
in Eq. (37) of [38] requires a slight modification when applied to diagrams of
Figs. 7-9, where neither bra nor ket state vertices are shown explicitly. Thus, to
obtain the number of closed loops (/) and the number of internal hole lines (),
that determine the sign factor (—1)'**#[8, 51, 52], we have to join all the external
lines of our orbital diagrams with those of diagrams representing bra and ket
states, Fig. le and c, respectively, while regarding them as internal lines.

As mentioned in Sect. 2, the appropriate spin coupling coefficients are
evaluated by applying graphical methods of angular momentum theory
[22, 80, 81]. Thus, we have to draw the spin diagrams associated with orbital
diagrams of Figs. 7-9. They are very simple and can be immediately obtained by
interconnecting the appropriate lines of spin diagrams representing bra and ket
states, Fig. 1f and d, respectively, since in bare-interaction approach of [38],
two-electron interaction vertices do not enter the resulting spin diagrams.
Consequently, there is no need to present them here.

We can easily verify that a one-to-one correspondence between the sym-
metrizers &, %, S5 and ¥ in the orbital diagrams and the (anti)symmetrizers
Fo(S)), L AS;), Fs(S;) and F(S;), respectively, in the associated algebraic
expressions, which was emphasized in the context of the CCSD theory in [40] (cf.
Sect. 2), also holds for the Goldstone—Brandow diagrams of Figs. 7-9. Conse-
quently, the ecasiest method to obtain algebraic expressions that are associated
with orbital diagrams of Figs. 7-9 is as follows: evaluate and combine orbital
and spin factors corresponding to a given orbital diagram, in which the sym-
metrizers are ignored, and then assign the operator &,(S;) to %,, £,(S)) to &,
Fi6(S;) to Fs, and F(S;) to F. In this way, the following compact expressions
for the effective interaction matrix elements W{*(e) (k = 3, 4), Eq. (122), can be
derived

WX e =Y RP(), (126)

where
RP() = NGNG T 2u0) (e 4917} =a-i), (127

rr

while

RP() = RP'(x) + RY"(x) (x =a-h), (128)
and
RPO() = NGNE T 200 0@k — 4@ 7). (129)
{7

Clearly, x designates the resulting Goldstone—Brandow orbital diagrams of Figs.
7-9. Thus, R{P(x), x =a—i, RY’(x) and RY"(x), x =a—h, are the algebraic
expressions associated with Figs. 7x, x = a—i, 8x and 9x, x = a—h, respectively.



96

Y
*

y

N
=

0

Srs sab

-

? m*&z ~

»

\

o

}

=2

P. Piecuch and J. Paldus

1

1

}

o
o jor =

(=3
led

}

2
S.,S:5Ss a ;SZ:\?: a 8
r r T r
s 8 s g
L b b b [
4
r L "
(c) <5 1 : )
] 1 1 ]
] ] 1 1
1 2 |
srs SF§ Sab ﬁ /:r :\[, L :
a a a a
S § S g
b b b
\ b b J

Fig. 7a—e

sab Srs




Orthogonally spin-adapted coupled cluster approaches 97
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Fig. 7a~i. Goldstone—Brandow orbital diagrams representing the effective interaction matrix ele-
ments W{PX(e). (x) (x =a—i) designates a group of one (x =d, e, g~i), two (x =a—c) or four
(x =f) Goldstone—Brandow representatives that can be associated with each oriented unlabeled
Hugenholtz diagram, Fig. 3x of [34] (see text for details)



P. Piecuch and J. Paldus

98

1"
2

/] i

sabséESrs

= 0 Jan

sabséﬁsrssfé‘

Fig. 8a-d



Orthogonally spin-adapted coupled cluster approaches

Fig. 8e,

SrsSE Sab

S,S:S

ab ™ a s

-

1" 3
|©1 1
] 1 i ! 1
1 (. i I
r § r
[ 4 S 4
a a a a
b b b b
r 1" r 1" § )
I ' T
1 1 I 1 i
] I . 1 ]
S 1
S F s 5% 7
a a a a
b b b b
J

T g
wm =~ jor Yo

W™

a 1 a 1 b )
—l e e
1 i 1 ]
| " ! ! !
! ! ‘B ! 1" :
b a b 5 Z; a
r ¥ r ¥
s s s s

99



100

P. Piecuch and J. Paldus

- r
T
(a) L
[ 1 i iy 1
| 1 3 ; I 1
- r
SBSFESd)Sﬁb ><:: -
a r a r
s g s §
b b b b
k -
~
r iy
1 1 I
1 1.
a
a 4
s 8
b b
4
r 1
1" 7
(h) < .
I I i ¥
a ! ! 4 a |I
%Srs 3 >< .
r a r a
s - s S - g
b b b b
A
N

a 1

ot|o Jar Py

J

Fig. 8a—h. Goldstone—Brandow orbital diagrams contributing to the effective interaction matrix
elements W»¥(g). They correspond to the oriented unlabeled Hugenholtz diagrams of Fig. 4 in [34]
(see text for details)



Orthogonally spin-adapted coupled cluster approaches 101

Since Goldstone—Brandow diagrams of Figs. 7-9 and their counterparts in [34]
are ordered in the same way, one can easily identify contributions R{P(x), R$”(x)
and R{"(x), Egs. (127) and (129), with the corresponding terms defined in [34].
According to the labeling convention introduced in Sect. 2, sums in Eqs. (127)
and (129) extend over an appropriate set of hole (/') and/or particle (/") labels.
The numerators v,(x) and v{”(x) are given by products of two-electron integrals
{mn||pg>, Eq. (36), {mn|pq)s, Eq. (37), or {mn|pg),, where

{mn||pg), = 2{mn|pg) — {mn|qp), (130

Kronecker delta symbols {m|n) and/or quantities A7%(S), Eq. (111), and spin
coupling coefficients. The denominators A,(x) =4*(1",2",...,r,s5;1,2,...,
a, b), k=3,4, X = RHF, HMO, are given by the RHF (X = RHF) or Hiickel
(X = HMO) orbital energy differences,

AX(17,2", s 1,2, 0, ab) =k +ek + -+ ef

r
+eX —ef—ef—- - —eX—¢f, (131

and the “symmetry forcing” projection operators 2,(x), #5(x) and #5(x) are
the appropriate products of the (anti)symmetrizers &,(S;), &,(S;), %5(S;) and
F(S5).

For the numerators v,(x) associated with diagrams in Fig. 7a—i we get the
following expressions:

va(@) = 05,5,A7(S)AZ(S)1'Y
va(b) = —05,5,47(S)<bIEYVa

1//2//><Ir/2//” 1/2/>a, (1323,)
17275172 | 1’a),,, (132b)

v4(€) = — 85,5 AZ(S) [V UFIF 127D, (132)
ve(d) = 85,5, A7(S,)<ab|1"275¢1"2" |ab s, (132d)
vy(e) = 85,5, AZ(S )12 |F5<rs 12, (132)
V() = <sEY<BIEY RIS, 81 (@177 <1 r | 1'a),

—Va|F1"y1"r||1a)) + 65,5, <1'a@||F1"5<{1"r |al’)}, (132f)
va(8) = —3[Si, 8;1V*¢s[5)<ab||F1")5,<r1"|ab)s, (132g)
va(h) = —3(Si, 817Cb|EY a1 7, <rs[al’ys, (132h)
va(i) =[S, S;12Cab|f§ 5, <rs||ab s, (132i)

The corresponding denominators 4,(x) are given by
A4(x) = A%, u3, r,5;¢%,¢3, a4, b) (x =a-i), (133x%)

with the orbital labels listed in Table 1. The projection operators £,(x) have the
form

Pa(x) = (S F5(8,)25 (S (8N (x = a—i), (134x)

with kF (i =1-4), that are either 0 or 1, also listed in Table 1. Note that
Pa) =P,(d) = P(e) =2,(i) = 1. We recall a simple relationship between the
diagrams of Fig. 7 due to p—~A symmetry, namely between 7b and 7c, 7d and 7e,
7g and 7h, that is reflected in the corresponding algebraic expressions: particle
(hole) lines and the corresponding orbital labels are replaced by hole (particle)
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Fig. 9a—h. Remaining Goldstone—Brandow orbital diagrams contributing to W{)*(¢). Their ori-
ented unlabeled Hugenholtz counterparts are shown in Fig. 5 of [34] (see text for details)
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Table 1. Orbital labels and parameter values that determine
4,4(x) and the projectors #,(x), x =a—i, Egs. (133x) and
(134x), respectively

x uy u3 ¢t c3 kY k3 kI k3
a o2 2 0 0 0 0
b " 2 1 a 1 1 0 0
c v F r 2 o0 0 1 1
d 2 d ) 0 0 0 0
e F 3 r 2 0 0 0 0
f 1" F Y a 1 1 1 1
g " F i 5 0 ] 1 1
h F 5 I a 1 1 0 0
i F H a 5 0 0 0 0

lines and labels, respectively, according to the following scheme
r(@) - a(r), s(b) - b(s), @) — &P, 5(6) - b(), 1"(1) »1"(1"), 2'(2) > 2/(2).

In the formulas for the numerators v,(x), two-electron integrals must be also
replaced by their complex conjugates. Clearly, diagrams a, f and i of Fig. 7, and
the associated algebraic expressions for R{P(a), R’ (f) and R{P (i), respectively,
are p—h selfconjugate.

For the triexcited case, W*(¢), the numerators v;(x) and v3(x), x =a-h,
corresponding to diagrams of Figs. 8a—h and 9a—h, respectively, can be written
as follows '

v4(a) = 35,5, 428(S)<s[5)<1'r
v3(h) = d5,5,A%(S1)<b|E>1'Y

17275172 |17, (135a)
|17a)<{1"d||172"y,, (135b)
vi(c) = (s|5X<BIBY<ar |12 (LS., 8121727 |Fay — 85,5, (172" @D},  (135¢)
vi(d) = <BIBYCs|F Y12 |Fay{yS;, Si1VKar |12y — 65,5, <ar||217},  (135d)
vi(e) = 85,5 AZ(SHr||FY s || U5, — VP [F17D<1"s | 15Ds), (135¢)
Vv5(f) = 85,545(S)(Va|1"a)1"B| Vb)Y, — (Vaflal”y{1"B| b)),  (1350)
vi(g) = — (s|F<BIBY 65,5, (1P| 17F)<1"E|Va),

— (Ur|F17y1"@ | Va)) + 48, §i1V21r |
vi(h) = —<blbY<s[5{ds,5(Va|1"a){1"r |17,

— Vallal™ {1 r|VFY) + 48, Si1'2 1V d|al”y<1"r |F17)}, (135h)
vi(a) = <al@y{3S, §1A(Kbr|517)(1"s |#b)s,

+(=D)Sihr| 17851 s |7by) ~(—1)5i65,5, <br||1"5)<1"s | bF)}, (136a)

FIny(17al|alD},  (135g)

vi(b) = <r[FY{3(S;, 8;1"A(<1'b|as)<as | 1'b ),

+(= D5 UE|5a)las || 1'b)) ~(—1)5055 <1'6||5ad{as||b1’)}, (136b)
vi(c) = (s|<1"B|lab)s (85,5, <ar | 17F) — 5[S:, 8§:1'<ar ||F17)), (136¢)
vi(d) = bBY(rs | 15)5(8s,5,<1a||Fad — 318, §;1VV'd||aF)), (136d)

vi(e) = Lalay{1'r||§¥)s(8s,s, (bs||b17y — 318, §1'2¢bs|| Vb)), (136e)
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Vi(f) = rfF)<abllal”) s (0s,s, <1"s||b5) — 318, §;1V7C1"s |5b)), (136f)
vi(g) = —3[S;, §;1VXas|ab)s, <rb|75)s,, (136g)
vi(h) = —31S,, §,1"*Crs||b)s,<ab]as)s,. (136h)

The corresponding denominators are defined as
AL(x) = AX(u, us®, 55 ¢7%, ¢4, b)) (x = a—h), (137x)
A5(x) = AX(u)*, us*, s; ¢7*, 5%, b)  (x =a—h), (138x)

and the projectors as
P3(x) = Lo (S FHS)FI(S)F S (x =a-h),  (139x)
50%) = TSV FSNE L (ST FS)H (x =a-h), (140x)

with the orbital labels u7*, etc., and the parameters k1%, etc., listed in Table 2.
Again, simple relationship between the p—h conjugate diagrams of Figs. 8 and 9,
namely a and b, c and d, ¢ and f, g and h is reflected in the corresponding
algebraic expressions, Eqgs. (135)—(140).

Equations (126)—(129) together with Egs. (132)-(140) represent the com-
plete set of formulas for the matrix elements W{P¥() of the effective interaction
operator

Q(k)
e —QF
Since the operator W®X(g) is Hermitian (as long as ¢ is real), the corresponding
M x M matrix W®¥(e) = | W®(e) |, <, < 1 between orthogonally spin-adapted

W®X(e) = V. (141)

Table 2. Orbital labels and parameters defining the denomina-
tors 45(x), 45(x) and projectors £4(x), #5(x), x = a—h, given
by Egs. (137x), (138x) and (139x), (140x), respectively

x uyt  ouyc et o kY kY kY kY
a 1” 2 I a 0 0 1 1
b 1" r I 2 1 1 0 0
c 1” 2" a a 1 1 1 1
d r F | 2 1 1 1 1
e 1" F r a 0 0 1 1
oo r r a1 1 0o 0
g 17 F 1 a 1 1 1 1
h 1" r r a 1 1 1 1
x uy*  uyt eyt ey kY kY kY kY
a 1” K a b 1 1 1 1
b r § 1 5 1 1 1 1
¢ " F a a 0 1 1 1
d F I a 1 1 0 1
e F 5 g a 1 1 1 0
f 1" r a 13 1 0 1 1
e F 0§ a & 0o 1 1 0
h r § a 13 1 0 0 1
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doubly excited configurations must be Hermitian,
W®X(e)t = ®X(g), (142)

From explicit expressions for the numerators v,(x), denominators A,(x) and
projection operators 2.(x), Eqs. (132)-(140), it follows that most of the
individual contributions R{(x) to WX (¢) satisfy the Hermitian property

R®P(x)* = RP(x). (143)

One can easily check that Eq. (143) holds for all the contributions except for
RY"(g), RY’(h) and RP"(x), x = c—~h. The fact that Eq. (143) is not satisfied by
all the components R(")(x) does not, however, affect the Hermiticity of the matrix
W®X(e), Eq. (142). Careful inspection of Eqgs. (135g), (135h), (136¢)—(136h),
(137g), (137h), (138¢c)—(138h), (139g), (139h) and (140c)—(140h) shows that
expressions corresponding to diagrams in Fig. 8¢ and h, Fig. 9c and f, d and e,
and g and h form Hermitian-conjugate pairs, i.e.,

RY(9) = RP ()™, (144)
R = RE"(f)*, (149)
RY'@=RP'@* (146)
R§"(g) = R ()" (147)

Consequently, when all the individual contributions R¥(x) to W{P*(e) are
summed up, the Hermiticity of the resulting matrix W®% (a) will be automatlcally
assured.

From Egs. (127), (132a), (133a), (134a) and (113), it follows that R{?(a)
vanish for i #j. In other words, matrix R®(a) = |RP (@) |1 <;j<a 18 diagonal.
Similarly, several other matrix elements R®P(x) vanish when certain relations

~ ~

ros r
between the biexcited configurations @; = and &, =], are not
a b s a 5 g

satisfied. Additional simplifications in general spin symmetry adapte& expres-
sions for W(")X(e) Eqgs. (126)—(129) and (132)-(140), are possible when other
symmetries available for a given molecular system are exploited. We shall not,
however, discuss the problem of symmetry adaptation of Egs. (126)—(129) and
(132) —(140) here. Instead, in the last section of the present paper we concentrate
on another important aspect of the spin-adaptation formalism, namely, compari-
son of different procedures for spin-adaptation. The problem of exploitation of
other than spin symmetries will be discussed in greater detail in Parts II and III
of this series, where general expressions (126)—(129) and (132)—(140) are used
to compute the effective interaction matrix elements W, WP(e) and W{P(e),
Egs. (57), (115) and (116), respectively, for the highly symmetric PPP modcl of
cyclic polyenes.

6. Comparison of different diagrammatic procedures for spin-adaptation

In the preceding section, we have applied the spin-adaptation procedure of [38]
to derive explicit expressions for the matrix elements W%*(s), Eq. (122). This
procedure relies on a spin independent form of the Hamltonian, Egs. (1)—(4),
and the respresentation of the two-electron interaction operator V, by bare
vertices shown in Fig. 1b. Since these vertices do not enter the resulting spin
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diagrams, spin graphs appearing in the applications of the bare-interaction
approach [38] usually contain a small number of nodes and thus are easy to
evaluate. This main advantage of the method of [38] is, to some extent, lost
when, like in the case of the matrix elements W{*(¢), it is necessary to consider
a relatively large number of orbital diagrams due to the fact that the two-body
part of the Hamiltonian is represented by Goldstone-type vertices.

The bare-interaction technique [38] was formulated in the context of CC
theory. Since the CC equations are linear in Vy (cf. Eqs. (14) and (15)), the
number of the resulting Goldstone—Brandow orbital diagrams is not much larger
than the number of Hugenholtz diagrams [40] (at most two distinct Goldstone—
Brandow representatives may be associated with each Hugenholtz diagram).
However, in the present article we are dealing with the perturbation theory-like
expression (122), which is quadratic in V,. Consequently, up to four distinct
Goldstone—Brandow representatives may be associated with each Hugenholtz
diagram of [34] (cf. Figs. 7f, 8e—h, 9a,b). To reduce the number of diagrams,
which have to be explicitly considered to evaluate the right-hand side of Eq.
(122), we may apply an alternative diagrammatic spin-adaptation procedure
proposed by Mukherjee and Bhattacharya [106] and Mukhopadhyay [107]. This
technique was specially designed to evaluate highly nonlinear expressions in the
two-electron interaction operator appearing in higher orders of the MBPT. An
essential feature of this approach is an intermediate spin-adaptation (or pre-
adaptation) of the two-body component V', of the Hamiltonian Hy, Eq. (2), so
that Eq. (4) now becomes

VN = 4l Z <mn “Pq >S Z Z <%am’ %O',, |Sa><%aps %U'q ,So’ >]V[emc:r,,,,pa-‘,J emr,,,qaq]a
S a,

i (148)
where the unitary group generators e, ., are defined as [53]
ema’,,,,na',, = Xrnaanﬂn. (149)

Consequently, operator V, can be represented by a Hugenholtz-type orbital
diagram shown in Fig. 10a, or by its Brandow version given in Fig. 10b.
However, in contrast with the Goldstone representation (bare-interaction ver-
tices), the spin-adapted orbital vertices (Fig. 10a,b) are accompanied by a
nontrivial spin diagram shown in Fig. 10c; this spin diagram is a graphical
representation of the product of Clebsch—Gordan coefficients together with the
summation over ¢ appearing in Eq. (148). On the other hand, when constructing
the resulting orbital diagrams, we can now employ Hugenholtz-type representa-
tion for both Fy (Gy) and V vertices, as well as for vertices representing
excitations and (in the case of the CC theory) cluster operators 7;. This feature
of the spin-adaptation technique of (106] and [107] is very desirable, especially
for the MBPT-type expressions, since Hugenholtz diagrams are fewer in number.
The latter must be represented in Brandow form so that we can determine the
orbital phase factors. In either approach, Brandow representation is also re-
quired for the construction of pertinent spin graphs, which are then evaluated
using the graphical methods of spin algebras (cf. Sect. 2).

Now, while the use of spin-adapted interaction vertices [ 106, 107] reduces the
number of diagrams that must be considered, it simultaneously yields more
complicated spin diagrams than the bare-interaction technique [38]. Mukherjee
and Bhattacharya [106] and Mukhopadhyay [107] applied their method to the
MBPT equations, obtaining very compact and formally appealing results
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Fig. 10a—c. Diagrams representing the spin-reduced form of the operator ¥, Eq. (148): a represents
spin-adapted Hugenholtz-type orbital vertex, b its Brandow version, and ¢ the corresponding
3-jm-type spin diagram

[106, 107]. Since the right-hand side of Eq. (122) is reminiscent of the standard
MBPT expressions, it is of interest to try out this approach for the matrix
elements W{P*(g) (k = 3, 4) and compare the results with those in Sect 5. So far,
a relationship between the two different versions of diagrammatic spin-adapta-
tion employing either bare or spin-adapted interaction vertices was only exam-
ined in the context of the CC theory [40]. In this section, we wish to obtain a
more complete picture of this relationship by comparing both spin-adaptation
techniques for the perturbation theory-like expression (122).

In Figs. 7-9 distinct Goldstone—Brandow orbital diagrams that are associ-
ated with a given Hugenholtz diagram are grouped together. Thus, the decompo-
sition of W{¥X(g) into individual terms R¥(x), Eq. (126), as well as general
expressions for R{¥(x), Eqgs. (127)—(129), will remain unchanged when the
spin-adaptation procedure [106] and [107] is applied. Likewise, explicit expres-
sions for the denominators 4,(x), Egs. (133), (137) and (138), and projection
operators 2,(x), Eqgs. (134), (139) and (140), will remain unchanged. Only
expressions for the numerators v, (x) will differ from those given in Sect. 5, since
both spin-adaptation procedures yield different spin factors. Thus, only numera-
tors need to be considered. For the sake of brevity, we restrict ourselves to a few
representative cases.

It is easily seen that spin-adaptation techniques of [38] and [106, 107]
yield identical or almost identical expressions for the contributions RS;-‘)(x),
x=d, e,g~i, R$"(g) and RP"(h). This is immediately obvious in view of
the discussion given in [40], since the Goldstone—Brandow diagrams of Figs.
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7d,e,g—i, 9g,h have no distinct exchange versions so that in each case
the corresponding Hugenholtz diagram is uniquely represented by only one
Goldstone—Brandow diagram. Thus, to appreciate the difference between the
two versions of diagrammatic spin-adaptation we consider those contributions
R¥(x), which correspond to several Goldstone—Brandow diagrams, namely

d‘)( 1), R (@), RY(c), RY (e), RG”(g), and R"(a). Figure 8a and c corre-
sponds to the components R(3)’(a) and R$(o), respectlvely, and contain two
Goldstone—~Brandow diagrams each, while each of Figs. 7f, 8e.g and 9a contains
four distinct Goldstone—Brandow diagrams. Using spin-adapted interaction
vertices [106, 107] we can replace all these diagrams by Hugenholtz-like orbital
diagrams shown (in Brandow representation) in Figs. 11, 12a,c.e,g and 13.
Combining orbital and spin factors associated with Brandow diagrams of Figs.
11-13, we then obtain the following new expressions for the numerators v,(f),
vi(x), x =a, ¢, e and g, and vi(a),

va(f) =185 §1/%s|5)<hlpy ¥ S, SAR(S;, 8, S, §2)
S152

x{1"r|Vays:<1d|

VF)s2, (150)

v3(a) = 505,545 (S)<SIS>Z[S]<1rlll”2”>s<1”2"ﬂl Foss (151a)
v3(c) =3[S 5",~]”2<SIS"><b|5>ZSJ [SIC(S;, S;, $)<ar|[172")s<1"2"|fa)s, (151c)
vi(e) = 85,5, A2(S;) Y [S", STC(S;, 81, SHUr |17 D51 (Vs [15)s2, (151€)

vi(g) = —IS;, S.1"¢sIX<bl6> 3 (S, WS, 8., 81, 5%)
sis2

#ys1<1"E|1'adsa, (151g)
vi(a) =[S, S;]"*<ala@> Z [S1, SAW(S?, S;, 8, SY)<br|[517) 51 {1"s |fb)s2,
(152)

where C is a 9-j symbol defined by Eq. (32), while the coefficients R and W are

S,:5:S,5:5

(1)

Fig. 11. The Brandow form of the Hugenholtz-
like orbital diagram corresponding to the four
Goldstone—Brandow diagrams of Fig. 7f
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Fig. 12. Brandow orbital diagrams of [106] and [107] corresponding to Goldstone—Brandow
diagrams given in Fig. 8a,c,e,g

Fig. 13. Brandow-type orbital diagram of
[106] and [107] representing four Goldstone—
Brandow diagrams shown in Fig. 9a
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two different types of 12-j symbol of the second kind {80, 81], namely

1 1 1 1
2 2 2 2

RX,, Xo, X5, X)) =X, X, X5 X4, (153)
P b4 b

and

X, X 3 %]

WX, X, X5, X) =3 32 3 5| (154)
;X3 X

The 12-j symbol R, Eq. (153), was introduced in [40] and can be regarded as a
higher-order analogue of the 9-j symbol C. For example, both C and R are
highly symmetric in their indices [39, 40]. The coefficient W has lower symmetry
than the coefficient R. Symmetry properties for both R and W can be easily
deduced from the general symmetry properties of the 12-f symbol of the second
kind [80, 81].

Expressions (150)—-(152), except for Eq. (151a), involve genuine 9-j and 12-j
coeflicients that cannot be expressed as products of simpler 3n-j symbols, since
each pair of spin-adapted two-electron interaction vertices enters a spin dia-
gram adding four nodes to it. Consequently, each of the spin graphs that is
associated with diagrams in Figs. 11-13 (as well as with remaining contriby-
tions R%(x)) contains 8 nodes and 12 lines. As follows from Egs. (150)—(152),
only some of these spin graphs are separable over n < 3 lines [22, 80, 81] and
factorize into products of simpler 3n-j coefficients. Let us recall that each of the
spin diagrams corresponding to Figs. 7-9 contains only 4 nodes and 6 lines. It
must be remembered that each of Egs. (150)—(152) is a single algebraic
expression representing several (two or four) distinct Goldstone—-Brandow dia-
grams. As may be seen from Eqgs. (132), (135) and (136), expressions that are
associated with Goldstone—Brandow orbital diagrams, which are exchange
versions of one another, uysually differ by spin coupling coefficients. Thus, to
combine them together and represent them by a single formula, we must
introduce appropriate angular momentum recoupling coefficients. This gives
another explanation of the presence of 9-j and 12-j symbols in Egs. (150)—
(152) (cf., Sect. 4 in [40)).

Let us now compare explicit expressions for RP(f), R$'(x), x =a, ¢, e, g,
and R$"(a), as derived in this section, with the corresponding results obtained
in Sect. 5. First, we must expand Eqgs. (150)—(152) in terms of non-symmetric
v-matrix elements {mn|pg) [40]. This gives

vao(f) =S, §,-]”2<SI5><bl5>{<1”r [1ayva|tey Y, [S', SARES: S, S, $?
Sis2
+Vrllala|rey Y, (~DSSY, SAR(S,, S, S', $?)
Sis2
+ <1nr“11a><1/ﬁu;‘1”> Z (__I)SQ[SI’ S2].R(Si, ’§i’ Sl’ SZ)
S152

+ Urflal’)Va|F17y Y. (~DS'+S[SY, SRS, S, S, Sz)}, (155)
S1s2
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vi(a) = %5s,.s,.A§§(Si)<S|S">{<1’r 1727y 2" |17y ZSZ [S]

+1'r|

1"2”)(1"2"\]?1’) ; (- l)s[S]}, (156a)
vi(e) =[S, 5,-1”2<s|§><b|5>{<ar [r2 <2 |fay 3 (S1CE; S, S)

@12 T (- DTS, S, S)}, (1560)
vi(e) = 5Si§l,AZ~§(S,-){<1,r“ 1"Fy1"s || 18D S?;z (s, SAC(s,, S, 8%

+ P[Py || 175D s;s‘Z (—=DSSY, SHC(S,, S', §7)

+{Ur 171" || 517 slzsl (— DS, SAC(S,, 81, S?)

+UP|F1" " || 517 Zz(— DS+ SIS, SYC(S,, S, Sz)}, (156¢)
vi(g) = —[S; 5,-1“2<sl5><b(5>s )

x {(m |177y<1"a|Va) S;ﬁ [, SAW(S;, S, S1, §?)

+{r|F1")<1"G || Va) S;m (=SS, SAW(S,, S, S', §?)

+UrrEalaly 3 (- DS, AW (S, 8, 8, 5?)

+<{1'r nﬂ”}(l"ﬁ Hal’) Z (- l)Sl"'Sz[S‘, SZ]W(S,-, §i, S', Sz)},
°° (156g)
Vi@ =[S, §,-1”2<ala>{<5r 15175¢1"s 7> T[S, SAW(S?, S, S, SY)
Sig2

+¢br|175Q1s |7y Y (—DS'SY, SHW(S?, S, S, SY)

~

+(BrF1Us |67 Y (= DS, SAWSE S, S, S
sis2

+hr |15y s|bFy Y, (= DS SIS, SAW(SZ, S;, S, s‘)}. (157)
sis2

To get Eqs. (156a) and (156c) we have also exploited the fact that the
denominators 45(a) and 45(c), Eqs. (137a) and (137¢), respectively, are symmet-
ric in the summation indices 1” and 2".

Now, the right-hand sides of Eqs. (135a) and (156a) are identical, since
Y s[S]=4and Y s (—1)S[S] = —2 (recall that S assumes only two values: S =0
and S=1). Thus, for R}”(a), the results of two different spin-adaptation
procedures are easily transformed one into the other. To show that the remain-
ing expressions (155), (156c), (156e), (156g) and (157) are identical with their
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counterparts given in Sect. 5, we have to apply slightly more complicated sum
rules for 9-j and 12-j coefficients.

We can easily verify that the 9-j symbol C, Eq. (32), satisfies the following
relations [80, 81] (see also [40]),

Y IS1C(S, 8, S) =3, (158)
Y (= DISICES;, 8, S) = — 85,5817, (159)
S
Y [SY, $7C(S, ST, $?) =2, (160)
sis2

Z (=DS'SY, sAC(S,, S, $%) = Z (=158, S2C(S;, S, 8% = —1, (161)
sIs2

Sig2
Y (=DT+F[SY, SIC(S,, SL, S = (1) + % (162)
sis2

In a similar way, we can show that the 12-j coefficient R, Eq. (153), satisfies
[80, 81}

Z [Sls SZ]R(SH S~’i’ Sls S2) = 19 (163)
SIs2
Z (— I)SI[Sla Sz]R(Sis S"is Sla SZ) = Z (— I)S2[Sl, SZ]R(SD S."is Sla S2) = _%’
Sis2 Sls2
(164)
> (=D +TS, SAR(S;, S, 81, 87) = 85,5081 (165)

sis2

For the 12-j symbol W, Eq. (154), two different categories of sum rules can be
written. The following relations [80, 81] belong to the first category,

122 [S', S7IW(S;, S, §7, 87) =205,5[S:17", (166)
Sls
Y (DTS, $AW(S, S, 8, 8 = Y, (—DHT[S, sAW(S, S, 5, §?)
S182 51852
= —dgs5[S:] 7", (167)
122(~1)S'+S2[S‘, SAw(s;, 8, ', 8% =13, (168)
Sls

while the sum rules given below, namely [80, 81],

S 18, W% 5, 5, 8 =4, (169)
§152
> (=DTIS, SW(SE S, 8, 81 =3(- D%, (170)
RN
% (=TS, SIWISE, 8, 8, 8 = 4= D%, )
Sls

X (DTS, SAW(S?, S, 5, S = (=D 0560817 (172)

sls2
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belong to the second category. As a matter of fact, Egqs. (170) and (171)
represent the same sum rule since [80, 81]

W(Sza i ~u 1) = W(Sl ~ia Si9 Sz) (173)
In further considerations, however, both relations (170) and (171) are useful.

Equations (158)—(172) allow us to eliminate the 9-j and 12-j symbols from
expressions (155), (156¢), (156¢), (156g) and (157) and to replace them by the
same simple spin factors that result from the application of the bare-interaction
technique [38)]. Thus, inserting Egs. (163)—(165) into Eq. (155), we immediately
obtain expression (132f). Quite similarly, inserting Egs. (158) and (159) into Eq.
(156c) and Eqgs. (160)—(162) into Eq. (156¢), we get formulas (135¢) and (135¢),
respectively. Finally, sum rules (166)—(172) allow us to convert Egs. (156g) and
(157) into Egs. (135g) and (136a), respectively.

It can be easily verified that Eqs. (150)—(152) represent all possible types of
expressions for R¥(x), that result from the use of the spin-adaptation procedure
[106, 107), except for the formulas for R{P(x), x = d, e, g—i, R$"(g) and RY"(h),
which are identical with the expressions obtained through the exp101tat10n of
bare-interaction approach [38]. We can thus conclude that the relationship
between both spin-adaptation approaches employing either bare or spin-adapted
interaction vertices is very simple for the problem considered in this paper. As in
the case of CC equations, we must only expand the (anti)symmetrized two-
electron interaction integrals [106, 107] in terms of non-symmetric v-matrix
elements and apply the sum rules of the type given by Eqgs. (158)-(172),
whenever necessary. This brings about a considerable simplification, as a com-
parison of Egs. (150)—(152) with their counterparts given in Sect. 5 reveals.
Although the procedure employing spin-adapted two-electron interaction vertices
{106, 107] yields formally more compact formulas than the bare-interaction
technique [38], they become much more complicated when written in an explicit
form. For example, summations over S in Eqgs. (151a) and (151¢) involving 9-j
symbols C factorize into much simpler products

”2//><1u2n | 1/,7)

and
ar||1"2"5{1"2" |Fa) — 205,5[S:17<1"2"|aF)},

respectively, when a Goldstone—Brandow representation is used or, equivalently,
when they are rewritten in terms of non-symmetric v-matrix elements. Since the
spin-adapted two-electron interaction vertices enter the resulting spin diagrams,
double summations over S! and S? appearing in Egs. (150), (151e), (151g) and
(152) involve the 9-j symbols C, Eq. (32), and the 12-j coefficients R and W, Eqgs.
(153) and (154), respectively. When bare-interaction vertices are used, these
summations reduce to very simple bilinear forms in the non- symmetnc v-matrix
elements with the coefficients proportional to spin factors g5 or 2[S,, Si1A.
Some of these bilinear forms are extremely compact when expressed in terms of
the matrix elements {mn|pg), and {(mn|pg)s [cf., for example, Eq. (135¢)].

To summarize, the diagrammatic spin-adaptation procedure employing
Goldstone representation for two-electron interaction vertices [38] leads to
simpler expressions for the components R%)(x) than the method using spm—
adapted interaction vertices {106, 107]. On the other hand, the latter technique is
more economical than the bare-interaction approach [38]. In order to evaluate
matrix elements W{¥*(e) (k =3, 4), we have to draw 57 Goldstone—Brandow
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orbital diagrams (cf. Figs. 7-9), while using spin-adapted interaction vertices
and Hugenholtz representation, only 25 diagrams must be considered. Unfortu-
nately, this advantage of the method of [106, 107] is partially lost since we have
to construct and evaluate a relatively large number of quite complicated spin
diagrams. Moreover, once all the Hugenholtz diagrams are drawn, it is not
difficult to construct their pertinent Goldstone—Brandow versions. This is why
the final expressions for W{®*(e) given in Sect. 5 were derived using the
bare-interaction procedure [38] rather than the other method [106, 107], al-
though the latter one was specially designed to evaluate expressions of the type
(122).

There is yet another, entirely different, diagrammatic spin-adaptation proce-
dure, which yields expressions related to non-symmetric v-matrix elements and
which was employed in [34] to evaluate the OIP effective interaction matrix
elements W(e) and W{P(e), Egs. (115) and (116), respectively, in a straight-
forward way. It employs bare-interaction vertices but does not construct spin
diagrams to evaluate the relevant spin factors. Instead, it introduces [34]
appropriate orbital coupling coefficients that yield the required orthogonally
spin-adapted doubly excited configurations by defining the spin independent
operators R7;(S;),

5(S) =5 2, <mn|r(S)|pg>NIE,, Eyp): (174)

mnpg
and their Hermitian conjugates L'(S;). Here, the matrix elements (mn|r(S)| Pg>
have the same symmetry properties as the orthogonally spin-adapted biexcited

. r
configurations , namely,

§

b/,
Kmn|r(S;)|pg > = (—1)S<mn|r(S))|gp > = (—1)Knm|r(S;) | pg> = {nm|r(S,)|gp >,
(175)

and all of them vanish except for those involving the labels r, s and q, b. For the
matrix elements (rs|r(S;)|ab> we then have [34]

<rs|r(S))|ab)y = 3817 ANG) (176)
where N7 is the normalization factor given by Eq. (20). Of course,
=(S) =RES) =3 X <pqli(S))|mnONIE,, E,), (77
mnpq

where

{pq|U(S))|mny = {mn|r(S,)|pg>. (178)
One can easily verify that [34)

R5(S,) =?571GG, (179)

where
WG, =2 NG S (SHE B, (180)

is the spin-adapted excitation operator of [75, 76] which generates a normalized

pp-hh coupled biexcited singlet configuration :1 ; , Eq. (18), from &,. The
S;
normalization factor 25 + N7 [75, 76] is related to the normalization factor N7,
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Eq. (20), as follows [40]:
241N, = 41S,) 71PN, (181)
so that Eq. (176) can also be written as [34]
<rs|r(Sy)lab) = <ab|l(S;)|rs> =25 TIN5 (1 + 6,5 )1 +6,,)- (182)
Equations (179) and (180) then give

R(S)Po =

r s
18
: b> (183)

and W®*(e), Eq. (122), can be expressed as a Fermi vacuum [8, 51, 52] mean
value
ox Q¥ s
W§j) (&= <¢UIL$’(S")VNETE£ VNRQH(Si)'q)o)- (184)

Since the excitation operators Ri(S;) and L7(S,), Egs. (174) and (177),
respectively, can be regarded as general two-body operators, we can now easily
evaluate the right-hand side of Eq. (184) by applying standard time-independent
diagrammatic techniques [8, 51, 52]. Moreover, all the operators involved are
spin independent, so that we can use the rules for spin-free formalism [8, 51, 52}.
As in Sect. 5, we first construct all nonequivalent, nonoriented vacuum Hugen-
holtz skeletons involving two nonoriented Hugenholtz ¥V, vertices and two
similar vertices representing excitation operators L7(S;) and R3(S;) (cf. Fig.
18). Orienting the lines we then obtain all the resulting Hugenholtz diagrams (see
Figs. 3-5 in [34]). In contrast with the diagrams used in spin-adaptation
approaches [38, 44, 106, 107], all the internal lines in Hugenholtz diagrams in
[34] carry free (i.e., summation) labels. According to the rules of spin-free
formalism [8, 51, 52], it remains to draw all the distinct Goldstone diagrams by
replacing the interaction and excitation Hugenholtz vertices in each diagram by
the corresponding Goldstone ones (cf., e.g., Fig. 1b) and by performing an
“exchange” operation on each vertex starting, for example, with the Goldstone
diagram having a maximal number of loops (cf.,, e.g. [51]). Examples of
Goldstone diagrams with a maximal number of closed loops that correspond to
Hugenholtz diagrams, Figs. 3f and 4g of [34] (or Figs. 7f and 8g of this paper)
are shown in Figs. 14 and 15, respectively. To evaluate these diagrams and all
their éxchange versions (as well as the remaining Goldstone diagrams associated
with Figs. 3-5 in [34] or Figs. 7-9 of this article), we have to label the fermion
lines by the appropriate particle or hole orbital indices, and find the correspond-
ing weights and sign and scalar factors. We recall that each scalar factor, which
is the product of v-, /-, and r-matrix elements divided by the MBPT denominator
and summed over all orbital labels, must be finally multiplied by the numerical
factor 2/, where / is the number of closed loops (cf. Sect. 5).

Grouping together expressions corresponding to all the Goldstone versions
of a given Hugenholtz diagram, we obtain formulas for the contributions R{P(x)
(x =a-i), R{"(x) (x =a-h) and RY"(x) (x =a—h) associated with Figs. 7x
(x =a-i), 8 (x = a-h), and 9x (x = a—h), respectively. As was shown in [34],
all these formulas have the following general form

RPG) = ¥ ¥ m(e—D(0]™" (k=3,4), (185)

{cduw,cdaw} (1T}
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Fig. 14. Goldstone representative of the
Hugenholtz diagram 3f of [34] having a
maximal number of closed loops; for the
labeling convention, see Sects. 2 and 6.
This is one of 16 distinct Goldstone dia-
grams that can be associated with four
Goldstone—Brandow orbital diagrams of
Fig. 7

Fig. 15. Goldstone version of the Hugen-
holtz diagram 4g of [34] having a maximal
number of closed loops (see text for label-
ing convention). The above diagram and its
15 exchange versions correspond to the
four Goldstone—Brandow orbital diagrams
given in Fig. 8g

where the numerator n,(x) is given by the products of two v-matrix elements and
two orbital coupling coefficients, {cd|/(S;)|uw) and {@w|r(8;)|éd), whereas the
denominators D, (x) are given by the appropriate RHF or Hiickel orbital energy
differences (cf., Eq. (131)). Both in Figs. 14, 15 and in Eq. (185), summations
over hole and particle labels carried by the lines interconnecting interaction
vertices /” and [”, respectively, are distinguished from the summations over hole
and particle labels carried by the lines leaving or entering excitation vertices

= (S;) and RZ(S;). The latter summations are symbolically denoted as

(cauwwzaawy- FOr example, in the case of the expression for R{P(f), correspond-
ing to the Goldstone diagram of Fig. 14 and all its exchange versions,

{cdww;edaw}  cduw,éii
Let us now concentrate on an explicit form of Eq. (185) for the contributions
RP(f) and R$'(g). By evaluating Goldstone diagram of Fig. 14 and all its 15
distinct exchange versions and grouping together the resulting expressions, we
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obtain the following formulas for the numerator n,(f) and the denominator

Dy(f) [34]:
na(f) = V&1, <1"u|| Ve ), <cd|(S)) juw ), <iw|r(S))|ed ),
+ 3CVE a1y (1| 1y edli(S,) wu ) Cawlr(S)|dey,  (186)

Dy(f)=4%1" u, ii,w; 1, ¢, i, d), (187)

where (cf., Eq. (130))
{pqli(Sy)|mn >, = 2{pq|i(S,)[mn ~ {pqlI(S;)|nm, (188)
CmA|H(S)|BG Y. = 2<mii|r(S,)|pg ) — <Alr(S,)|ap - (189)

Similarly, by considering all 16 Goldstone diagrams that result from performing
an “exchange” operation on each vertex of the diagram of Fig. 15, we find that
[34]
n5(g) = = 2A(Vu|"adVE|Ve), + {Vul|dl”d{1"¢|c1),)
x (cd|I(S: ) uw Y<aw|r(S;)|ed ), + {cd|I(S,) [wu Y iiw|r(8,)|dED,)
=3 Vul|a17y<1"¢ || c 1)< cd|i(S;) |wu Y<aiw|r(S,)| déD], (190)
Di(g) = A*(1", &, w; 1", ¢, d). (191)

Clearly, the main difference between n,(f') and n3(g) and their analogues v,(f)
and vj(g), Eqs. (132f) and (135g), respectively, lies in_an appearance of the
orbital coupling coefficients {cd|I(S,)|uw) and {i#W|r(S;)|éd> in the former.
Thus, to compare the above given formulas for R{P(f) and R (g) with those
derived earlier using the diagrammatic spin-adaptation procedure of [38], we
must perform the summations over the indices ¢, d, u, w and ¢, # and remove the
non-zero /- and r-matrix elements by applying Eqs. (176) and (178) or Eq. (182)
and the symmetry properties (175).

Let us first rewrite expressions for the numerators n,(f) and n5(g), Eqs.
(186) and (190), respectively, as follows:

ny(f) = Lcdl(S;)|luw Y<aw|r(S))|ed>
x{[2— (= D52 - (= DSVE| V@), 1"u|| VD,
+3(= DS+ S|y (ul|e 1y}, (192)
n4(g) = —2<cd|I(S) |uw Y<aw|r(S,)|éd>
x{[1+ (= D552 — (= D)SIKVu|1"a)1"E| Ve,
+Vul|i1"y1"E|e17),) — 3(= 1S +SiVula1”y<1"é||el’d}.  (193)

Here we applied the symmetry properties of the /- and r-matrix elements, Eq.
(175), and definitions of {pql|l(S;){mn>, and <{#Alr(S;)|p§),, Egs. (188) and
(189), respectively. Since the intermediate spin quantum numbers, S; and §,,
assume only two values, 0 or 1, we can write the following relations

2— (=% =[S)), (194)
2—(-D)%=[§], (195)
T+ (=1)Si+Si=255 . (196)
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Consequently, formulas for the numerators n,(f) and n}(g) become
ng(f) =4S, 51V cd|l(S) |uw Y<itw|r(5))|ed)
x {¥S., 5}]‘”((1’6”1"17)(1%] Ve, —KUVE|a1y<1"u|1e))
+ A(S;, §)<VE|a17y{1"uc1’)}, (197)
n3(g) = —4S;, S;1"*Ccd|(S,) luw Y awlr(8)) |ed)

x {05,5(Vul[1"7)1E| Ve, — {Vuiil”y{1"¢||1"e))
+B(S;, SH<Vu|ii1" (1" |1}, (198)
where
A(S;, §) =4S, S+ 3(- D)% +5s, 8171, (199)
and
B(S;, §) = 20,5, —~ A~ D% * 58, 8172 (200)

Now, to get the explicit expressions for R{P(f) and R(’(g) we have to insert
Eqgs. (197) and (198), respectively, into the right-hand side of Eq. (185) and
perform the summations over the orbital indices ¢, d, u, w, ¢, ii and 1’, 1”. Since,
however, we wish to compare the results of these summations with the formulas
given in Sect. 5, we introduce Kronecker delta symbols (w|#) and {d|d) into
Egs. (197) and (198) and replace the summations over ¢, d, u, w, ¢ and & by the
summations over ¢, d, u, w and ¢, d, #, w. In this way, we obtain

RP(f) = CdZuw 121: Ny(f e = Da(f17, (201)
&daw
R (g) = CZ,W 121: Ni(g)le ~ D3], (202)
where diiy
Nu(f) = wlw)<d|don,(f), (203)
3(2) = (wwd<d|dons (). (204)
We can also easily verify that
A(S;, 8)) = ds,5,, (205)
whereas
B(S;, 5;) =4S, Si1'2, (206)

for S; and S, equal to 0 or 1. Consequently, expressions for the numerators
N,(f) and N3(g), Eqgs. (203) and (204), respectively, can be given the following
form:

N(f) = 41S;, $,1Ced|I(S:) fuw d<aw|r(S)) edy wl y<d|dy

x {41S., S1P(UE 1)1 u|| Ve,

—(1’E||ﬁ1"><l"u |]1'c>) + 5Sigi(1’5”1’21”)(1"u"c1'>}, (207)
Ni(g) = —41S;, ;1" cd|I(S,) luw d<ain|r(S,) ed><wiw y<dld

x {85,5(Uul| &) "E||Ved, — (Vul@1”y{1"E|| Ve )

+US;, S U171 Efe1 ). (208)
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Notice the similarity between the right-hand sides of Eqs. (207) and (208) and
the formulas for the numerators v,(f) and v;(g) given in the previous section,
Eqgs. (132f) and (135g), respectively.

All matrix elements {iw|r(S,)|éd> (<cd|i(S;)|uw)) vanish except for those
involving the labels 7, § and 4, b (g, b and r, s), so that the summation over c,
d, u, w and & d, @i, w in both Eq. (201) and Eq. (202) reduces to at most sixteen
terms. It also follows from the symmetry properties of the r-matrix elements, Eq.
(175), that any matrix element <{@w|r(S;)|éd) involving the labels 7, § and 4, b
can be related to the matrix element <75[r(S,)|a@h). Similarly, every matrix
element {cd|i(S;)|uw) involving the labels a, b and r, s differs from (ab!l(S,)lrs)

by at most a phase factor (—1)%. Consequently, expressions for R{P(f) and
RY(g) take the form
RP(Sf) = 4S;, §,1'2CablI(S,)|rs Y<F3|r(S)|ab (N 3, N )
L ACHLA CHACHTAIR 121 va( e — 4(S 7, (209)
RY(g) = 4[S,, $1V%ab|I(S))|rs y<F5|r(8,)|ab YN 5 NT)?
X S.(S)Fx(8)) S (S:)%5(S)) 121 vi(gle — 43(8)] 7, (210)

where the numerators v,(f) and v3(g) are given by Eqgs. (132f) and
(135g), respectively, and the denominators 4,(f) and 45(f) by Eqs. (133f) and
(137g), respectively. The product of the (anti)symmetrizers, ,(S; )%s(S))
X %, (S:)%5(S;), produces 16 terms, when acting on Y- v4(f)[e — 4,(f)] =" or
Y 1 vi(@)le — 45(g)) . To eliminate repetitions of identical terms in case the
hole (a and b or G and 5) and/or particle (r and s or 7 and 5) labels are equal, we
have introduced the factor (NN =[(1 4 8,01 +6,)(1 + 8;5)(1 + 6:)] .
One can easily verify that (see Eq. (176))

4S;, 5:1'2¢ab|I(S,)|rs Y<FS|NSH|ab YN NT)? = N N (211)

Thus, Eqgs. (209) and (210) are identical with the expressions for R{(f) and
R’ (g) given in Sect. 5.

In a similar way, we can transform the remaining expressions for R{¥(x)
given in [34] into the formulas derived in the previous section. We thus see that
the relationship between the results of both spin-adaptation approaches ([34] and
[38]) is rather simple, particularly in view of their different nature. Let us
summarize the transformation procedure that we have just performed. First, we
carry out the summations over all the orbital labels that appear in /- and
r-matrix elements. Then, the remaining non-vanishing /- and r-matrix elements
have to be removed by applying Eqgs. (176) and (178) as well as the symmetry
properties (175). In order to introduce the spin factors, which result from
angular momentum theory, we must additionally apply relations of type (194)—
(196) and (205) and (206). We see (cf. Eqs. (185)—-(187), (190), (191) and their
counterparts in Sect. 5) that the above operations introduce essential simplifica-
tions into the resulting expressions for R{¥(x). Indeed, summations over the
labels carried by the lines leaving and entering Goldstone interaction vertices

r(S;) and R%(S,) disappear, the orbital coupling coefficients {cd|I(S;)|uw)
and <iw|r(S,)|éd> are replaced by very simple normalization and spin factors,
and expressions, which are formally quartic in different types of orbital matrix
elements, become simple bilinear forms in v-matrix elements. The price that we
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have to pay for these simplifications is very small, namely the introduction of the
“symmetry forcing” projectors 2, (x).

The spin-adaptation procedure that was exploited in [34] is undoubtedly
much simpler than the method of [38]. Spin diagrams are not constructed, so
that the graphical techniques of spin algebras can be replaced by much simpler
and standard diagrammatic spin-free formalism. However, the normalization
and spin coupling coefficients do not appear in an explicit form but rather in an
implicit way as the /- and r-matrix elements. Consequently, approach [34] yields
more complicated expressions. Moreover, the number of orbital diagrams, which
have to be explicitly considered, is much larger when using the technique of [34].
For example, in the case of the contributions R{P(f) or R (g), we have to
draw and evaluate 16 distinct Goldstone diagrams instead of 4 Goldstone—
Brandow diagrams shown in Figs. 7f and 8g, respectively. This drawback of the
approach [34] is of course connected with the fact that both interaction and
excitation vertices are represented in Goldstone form. Finally, an incorporation
of higher than double excitations into the spin-adaptation formalism [34] would
be rather complicated. Spin-adaptation procedures based on the graphical tech-
niques of spin algebras employing either bare [38] or spin-adapted [106, 107]
interaction vertices are free from the above shortcomings. For example, higher
excitations can be incorporated into these formalisms at the same level of
complexity as double excitations [39].

The above discussion implies that an application of the diagrammatic
spin-adaptation approach of [38], which was originally elaborated in the context
of the CC theory, yields the simplest structure of explicit expressions for the
effective interaction matrix elements W{X(¢). The use of spin-adapted interac-
tion vertices in diagrams and the (anti)symmetrized v-matrix elements in formu-
las or orbital normalization and coupling /- and r-coefficients and spin-free
formalism make the expressions for W®*(¢) unnecessarily complicated. The
orthogonally spin-adapted equations given in Sect. 5 are extremely compact,
particularly when we realize that the effective interaction matrix elements are not
trivial quantities and that their evaluation is rather demanding. Most impor-
tantly, expressions derived in Sect. 5 are not only formally appealing but also
computationally advantageous. For these reasons, they were used in actual
calculations reported in Parts IT and III of this series, where the orthogonally
spin-adapted formulations of the CC methods, CCDT-1, CCD + T(CCD) and
ACPTQ, as well as the OIP technique are implemented and applied to the PPP
z-electron model of cyclic polyenes.

Appendix: Diagrammatic derivation of the explicit expressions

r s F ¥ F §
for the matrix elements Gyl »~ D, VN, »
~~si<ab”’absi’ \"Ma b/
r s F §
and > Vol. »
Si<a b a b>si

General formulas for matrix elements of arbitrary one- and two-electron opera-
tors in the normal product form between the ground state and orthogonally
spin-adapted pp-hkh coupled biexcited singlet states as well as between the
orthogonally spin-adapted doubly excited configurations themselves were, in
fact, already given as early as in 1966 by Cizek [43]. Although the derivation of
these expressions was to a large extent accomplished by exploiting the time
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independent diagrammatic techniques based on the second quantization formal-
ism and Wick’s theorem (8, 51, 52], the spin-adaptation and the subsequent
derivation of matrix elements between spin symmetry adapted configurations
was carried out algebraically. The same matrix elements were considered once
more by Paldus et al. [44]. It was shown that the time independent diagrammatic
techniques [8, 51, 52] may be conveniently combined with the graphical methods
of spin algebras [22, 80, 81], so that both the orbital factors and the associated
spin coupling coefficients can be found in a straightforward, purely graphical,
manner. However, in order to get the pertinent orbital factors, a Goldstone
representation was assumed for both one- and two-electron vertices and biexcited
configurations. Consequently, a considerable number of resulting orbital dia-
grams (4, 2 and 12 for the matrix elements considered [44]) had to be explicitly
drawn giving, after their evaluation, numerous terms having common spin
coefficient. Additional algebraic manipulations had to be carried out in order to
write the final formulas in a concise form. We shall now show that the desired

ros F § F §
expressions for G s { PolVul. and
P - S; <a bl Vla 5>Si < o a 5>Si,
ros F§ . . . )
Vul. can be obtained in a much simpler manner using the
S; a b a 5 3;

diagrammatic spin-adaptation procedure of [38]. Although this procedure, as
briefly outlined in Sect. 2, still employs the Goldstone form for one-electron (Gy)
and two-electron (V) vertices, Fig. 1a and b, respectively, it uses the Hugen-
holtz (Brandow) form to represent bra and ket orthogonally spin-adapted
doubly excited states (see Fig. le and c, respectively). Consequently, the number
of the resulting orbital diagrams is considerably smaller. o

r s F §
Si<a bl "|a 5>Si’

where Gy is a one-body operator. Applying a concise notation for the distinct
labeling schemes carried by external lines, which employs symmetrizers %,(%s)
and (%) [40] (cf., Sect. 2), we must explicitly draw only two Goldstone—
Brandow diagrams shown in Fig. 16 (as in Sects. 5 and 6, Brandow vertices
representing both bra and ket configurations given in Fig. le and c, respectively,
are not explicitly drawn). Evaluating orbital and spin factors corresponding
to diagrams in Fig. 16a,b, in which symmetrizers &%, %5 &, and ¥, are
ignored, and making use of the fact that there is a one-to-one correspondence
between the operators %, %, & and S in diagrams and (anti)symmetrizers

Let us start, for example, with the matrix element G

]
14

r ~ a .
T T -
' :
¢
$.S:S.s i S,p5:15:s T < :
S S ] §
b b b b

(a) (b)

Fig. 16. Goldstone—Brandow orbital diagrams associated with successive terms on the right-hand
side of Eq. (A2)
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F5(8:), %5(S)), %s(S;) and F(S;) in associated algebraic expressions, we find

that o
G; ={®|Gx|®;> = . <; z Gy ; Z>S.~’ (A1)
can be written as
Gij = Gij(a) + Gij(b)s (A2)
where
G,(a) = N5 N0 5. 94 (S5,)<al@)<b|b> %, (S) F:( S ) <r g F{s)3, (A3)
Gy(b) = — N N505,5.5,(SHr|F I85> (S)S5(S: )< alglad<blb>, (A4

are the expressions corresponding to Fig. 16a and b, respectively. This is the
desired result [43, 44], which we used in Sect. 4 (see Eq. (110)). Instead of 4
Goldstone diagrams given in [44], only 2 diagrams are needed when Goldstone—
Brandow representation is employed.

The advantages of the latter representation are even bigger when considering
matrix elements

Vij = <¢ilVNl¢j>- (A5)

In this case, instead of 12 Goldstone orbital diagrams [44], only 4 Goldstone—
Brandow diagrams, shown in Fig. 17, are needed. All of them result from one
nonoriented Hugenholtz skeleton, which is schematically illustrated in Fig. 18.

r_ . [ a . a
* g >
i 1
: |
1 1
sabsrs S JI_. 8 srssab b i‘ b
a a r _ 3
b b s §
(a) (b)

*
i
1

L |
S, SrSarSst < a 4 a
) 8 s 8
b b b b

\ /

(c)

Fig. 17. Goldstone—Brandow orbital diagrams corresponding to successive terms on the right-hand
side of Eq. (A6)
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Fig. 18. The only arrowless Hugenholtz skeleton corresponding to Eq. (A5). As usual, the small solid
circle represents the nonoriented Hugenholtz V', vertex. Both bra and ket biexcited configurations are
represented by large open circles. All Goldstone~Brandow diagrams of Fig. 17 can be obtained from
the above skeleton in the usual way by introducing the orientation of lines, replacing Hugenholtz
V, vertex by the Goldstone one and by labeling the excitation vertices and oriented fermion lines

F g
and !'7 5>s'.»

The third and fourth diagrams in Fig. 17 are grouped together, since they are
two distinct Goldstone—Brandow representatives associated with one oriented
(particle-hole type) Hugenholtz skeleton. Applying the general rules of the
diagrammatic approach of [38], we obtain

ros
with appropriate indices specifying configurations < b
s \4

Vi = V(@) + Vyi(b) + Vii(c), (A6)
where
Vi@ =NgN i%éssA"E(S)(rslIFs")s, (A7)
V(b) = N3 N5:bs,5,475(S,)<ab || ab s, (A8)
V,(©) = N5 NS (S) (8 55(S) F6(8: ) s[5 )<b B
x {38, §:1V%rd||aFy — 85,5, <rd||Fad}, (A9)

are the algebraic express1ons corresponding to Fig. 17a, b and c, respectively,
and the quantmes A®(S,) and A7(S,) are defined by Eq. (111). An identical
result is glven in [43, 44] (except for a different phase convention used in [43, 44]
which gives an additional phase factor (—1)%+5:; cf., Sect. 2).

Equation (A6) together with Egs. (A7)—(A9) are needed to calculate matrix
elements ¥7; and W®(¢) appearing in the OIP formalism when the PPP model

is examined (see Sect. 4). Matrix elements { @, VN s 5 are also required (cf.,
5

Eq. (108)). However, these already appear in the orthogonally spin-adapted form
of the CCD equations, Sect. 2, as the quantities (cf., Eq. (27))

r
1)) =(N" -1
0> ( ab s, <a b

> = NHAOFS, ab; §))* = NGS1'7<ab|f5>s, (A1)
8;

4005, abi5) =) (!t Vulo

b

> (A10)

Therefore (see Eq. (28)),
Vale 3
a

<4’° 5

which is the desired result [43, 44]. Goldstone—Brandow orbital diagram corre-
sponding to Eq. (A10) is shown in Fig. 2. Obviously, the diagram associated
with expression (Al1l) is conjugate to diagram 2 and carries labels 7, §, @ and b.

The main aim of this Appendix was to show that the results of [43] and [44]
are easily reproduced by constructing the pertinent Goldstone—Brandow dia-
grams, which are fewer in number than the corresponding Goldstone diagrams,
and evaluating them using the procedure of [38]. Further reduction in the




Orthogonally spin-adapted coupled cluster approaches 125

number of resulting diagrams is achieved when a Hugenholtz representation is
employed for all vertices and the spin adaptation procedure of [106] and [107] is
applied. In the cases examined here, this reduction (from four to three diagrams)
occurs only for {®;|Vy|®;> elements (two diagrams of Fig. 17c are replaced by
one). However, the pricc we have to pay for this minor reduction is the
appearance of the nontrivial 9-j symbol C, Eq. (32), in the expression for ¥V (c),
since, in contrast to bare interaction vertices, spin-adapted interaction vertices
enter the resulting spin diagrams. We obtain

Vi) =Nz %S 5;] 24.(S; )«%&(g)%b(sz)%ﬁ(g)
x (s|§)<bIE> Y. [SIC(S;, Si, S)<rd|aFys. (A12)
S

We thus see that the result for ¥;; becomes unnecessarily complicated (cf., Sect.
6 and discussion in [40]). We can, of course, show that Eqgs. (A9) and (A12) are
equivalent by applying the sum rules (158) and (159) as it was done in Sect. 6 or
in [40].
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